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1: Conservation laws: use Neother’s theorem to relate the symmetries of the pamdtd the conservation laws that
apply to the system. More specifically, consider the systefolows:

Kinetic energy "

1 R
T= 5m(a':2 +9°%) = 5m12¢>2 A

Potential energy
V =myg(l —y) = mgl(1 — cos ¢) (x(t)9 y(t))

The Lagrangian is

—

L(6,9) = 5mi?$? — mgl(1 — cosg), Y

and the action integral is

F{¢} = /ttl (%leéQ —mgl(1 — cos ¢)) dt.

Determine whether the Lagrangian has translation (in spatiene) or rotation invariance, and thence determine the
conservation laws that apply.

2. Broken extremals; Minimize the functional
2
F{x} :/ (& +1)%22 dt
0

subject to the end-point conditions thg)) = 1 andx(2) = 0. [Hint: consider the possibility of broken extremals.]

3. Optimal control: Express the following in a form of an optimal control probléamwhich the Pontryagin Maximum
Principle can be applied:

(8) Minimize
10
F{x}:/ z? dt
0

subject to
|#] <1, andz(0) =1

T
/ P2 dt =4
0

z(0) =1, andz(0) = 1, andz(T) = —2

(b) Minimize T subjectto

and
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4. Optimal control: A person is considering a lifetime plan of investment andeexiiture. With initial savings and no
other income other than from an investment with a fixed irsieratea > 0, this investor’s capital weath at timds
x(t) and is governed by

T=oaxr—r

wherer = r(t) is the investors rate of expenditure. The immediate enjoydee to expenditure at ratét) results in
utility U (r), which we will take to be/(r) = /7. Future enjoyment at timeis discounted by ~#*. Thus our investor
wishes to maximize

J{T}:/O e PtU(r) dt

subject toi: = ax — r, and the initial condition:(0) = 1. Also, at the final time, any remaining capital is wasted, so
letz(T) = 0. There are additional implicit constraints: we cannot barrso capital cannot become negative, and we
cannot expend a negative amounty$g > 0 for all ¢.

Use the Pontryagin Maximum Principle to find the optimal exgiture strategy:(t).



