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Instructions

e Answer ALL questions.

e Begin each answer on a new page.

TOTAL MARKS: 77
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1. Solutions:

problem autonomous degenerate dependent on
F{y} = /b @ dr no no no
F{y} = /b sin(y)y + xy' dv | no yes yes
Fly} = /b sin(zy’) dr no no no
F) = | WA | yes no yes
[12 marks]
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2. Solution:
The Euler-Lagrange equations are

f f 12 12 /i / " /
dof _ of _ d - — 2 —
T 0y ) x[&ry} 3y + 6xy'y" =3y'(2ry" +vy') =0

[2 marks]
So eithery = 0 or 2zy” + ' = 0. The first case has solution
y =k,
for constantk. Clearly this solution doesn't fit the end points, and so we eslude it from
consideration. [1 marks]

The second DE can be tackled by changing varible oy’ and dividing by2x'/? to get
V2 4 V)2 =0,
which is just
d
%xl/Qu =0.

The solution is
xl/zu = const.

Substitutingy’ = u, and rearranging we get

Yy = const x x='/?
Yy = clx1/2 + Co.
NB: interestingly, the solutiop = k is a special case of this extremal. [4 marks]

Substituting the end points, we ggt= 0 andc; = 1, so the solution is
Y= /2,
[1 marks]

alternative solution:

Note that the functiorf in the integral doesn’t depend gnso we can write the Euler-Lagrange

equations
0]
9 _ 3zy™ = const
oy’
The above has two cases: (1) the constant is zerg, sd) and hence
Yy = const
and (2)
,  const
y - \/E )
which we can integrate to get
Y = v+,

as before.
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3. Solutions:

(a) There are two dependent variablesy) and so two Euler-Lagrange equations:

[2 marks]

(b) The E-L equations for this case will be

d T

dt [z .2
r +vy

d

dt

We can directly integrate to get

2 .2 2 (2)
r +vy

oy

t /. .
x2+y2
T

f.2 .2
r +vy
Y

Take the case wherg=# 0 and divide 2?) by (??) (we can solve by dividing in the other
direction ify = 0), and we get (by the chain rule)

dz dy _ dv _

at’dat " day - ©
The result is a straight line. [4 marks]
The functional described in the previous problem gives tie&adce of a pathiz(t), y(t)),

and so finding the shortest path involves minimising thisgnal, and as expected the solu-
tion is a straight line.

[1 marks]
The transversality condition will require the extremal teehthe liney = —z/2 + 6 at a

right angle. The slope of the curve4sl /2, and so the slope of the extremal is 2, and as it
passes through the origin it must have equation

Yy =2z

[2 marks]
The following figure shows the result:
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A

(o203
/

[1 marks]
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4. Solution:

(a)

()

The arclength of the curve can be written

1
F{y} = V14 y?de.
-1

Including the isoperimetric constraint via a Lagrange iplidr 1 we seek extremals of the

functional .
J{y} =/ VI+y? 4 py/ 1+ y? de.
-1

Take = 1/p and we get

My} = ) A+ y)/1+ y?de.

—1
which is exactly the same as the functional used in findingsttege of a hanging wire of
length L, and so the result will be a catenary.

[2 marks]
As noted above, the form of the solution is a catenary of fieagjth, which has solution
y(z) = ¢y cosh((z — c2)/e1) — A,

However, as the solution end points are symmetric, (-1, yo) and (1, y,), the constant
cs = 0 and the solution takes the form

y(z) = ¢y cosh(x/cy),

where in the standard catenary proble@ndc; are chosen to solvg = ¢, cosh(1/¢;)— A,
and to fix the length to bé. However, here, the constraint it th@d{y } = A, which gives

Gly} = /_1y\/ry’2dr
= /_ (¢1 cosh(z/cy) — A) cosh(1/cy) de

1
2

~ Gyl % sinh(2/¢1) — 2Aey sinh(1/¢q),

and so we solve this on conjunction with the end-point coeoditThe solution is obtained
numerically.

[2 marks]

Without the constraint, the geodesic would obviously beagit line. Mathematically, we
can see that the constraint changes the objective functosewk to optimize, and hence it
is not surprising that the shape of the curve changes. Maugiuely though, the constraint
limits the types of curves that can be considered as viabéeraltives. Clearly, straight
lines are excluded by this constraint (in all but limitingsea).

[2 marks]

Note: In general there is a reciprocal relationship between dpétion objective and isoperi-
metric constraint. We can usually exchange their rolesvigea A # 0).
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5. Solutions:
(a) The constraint is @aon-holonomic. [1 marks]
(b) The Lagrange multiplier i3 (z), and the new functional is
z1
Hush= [ 42400 -2 4y do.
o
[1 marks]
(c) The Euler-Lagrange equations are
don_on
de oy oy
doh_on L
de 0z 0z
doh _oh
dr oON  Ox
[2 marks]
which give
20+ A =N = 0, (3)
22— XA = 0, (4)
y—z2+y = 0 (5)
[2 marks]

NB: | will not ommit marks if (??) is absent as it is just the original constraint.

Equation #7?) gives
A =2z,
substitute into the first equation and we get
2y + 2z —22 =0.
Differentiate and rearrange and we get
y' =2 +2"

and we substitute these two into into the last equation to get

Yy —z+ty=—-2+2"—2—2+7=0,
which simplifies to the linear homogenous ODE

2 —22=0.

This has solutions
z = cle‘/ix + 026_‘/§$.

We also know
y=—2+7 =c1(=1+V2)eV** 1 cy(—1 — V2)e V2",

which we can see satisfies the constraints.
We would need boundary conditions to determine the values afdc,.
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6. Solutions
(a) The Euler-Poisson equation is

d*> of d of Of d?
— =2—/" +2y=0.
dz? oy"  dx Oy + dy da:Qy t ey

The resulting simplified DE is

vy =0
[3 marks]

(b) If we introduce the new variable, with the non-holonomic constraint= 3/, then we can
rewritey” = v’ in the integral, and include the constrait via a Lagrangetipligr function
A(z) to get a new functional to minimize

Hyu N = [ bu gl X)de = [+ 40/ — ) d

[2 marks]
The Euler-Lagrange equations are
Adon _Oh
dz Oy’ Oy 4
doh _Oh
dz ou'  Ou ’
a4 Oh Oh
dz 0N O\ ’
which gives the three linear ODEs
N =2y = 0, (6)
2u"4+ N = 0, (7)
y —u = 0. (8)
[3 marks]

(c) The three DEs can be simplified as follows: take the secoridadiee of (??) to obtain

y® —u" = 0.
Now substitute:” derived from 27?) to get
y® +N/2=0.
Differentiate this once more
y W N/2=0,
and substitute’ derived from 27?) and we get
yW+y=0.
[3 marks]
Soyes, the solutions are the same.
[1 marks]
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