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Euler’s finite difference
method

We can approximate our function (and hence the integrad) arfinite
grid. In this case, the problem reduces to a standard muéhia
maximization (or minimization) problem, and we find the s by
setting the derivatives to zero. In the limit as the grid dietsr, this
approximates the E-L equations.
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Numerical Solutions

The E-L equations may be hard to solve

Natural response is to find numerical methods
» Numerical solution of E-L DE
> we won't consider these here (see other courses)
» Euler’s finite difference method
» Ritz (Rayleigh-Ritz)
> In 2D: Kantorovich’'s method
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Numerical Approximation

Numerical approximation of integrals:
» use an arbitrary set of mesh poilts- Xo < X3 <Xo < --- < X, =h.

» approximate
pp y/(xi):yi+l_yi :%
Xipr—X DX

» rectangle rule

F) = [ e iae=3 1 (xon b ) ax = Fly

F(-) is a function of the vectoy = (y1,Y2,.-.,¥n)-
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Finite Difference Method (FDM)

Treat this as a maximization of a functionro¥ariables, so that we require
oF

— =0
0y

foralli=1,2,...,n.

Typically use uniform grid sé&x = Ax= (b—a)/n.
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Simple Example: direct solution

E-L equationy/’ —y=—1
Solution to homogeneous equatigis- y = 0 is given bye giving
characteristic equatiok’ — 1 =0, SO\ = +1.
Particular solutiory = 1
Final solution is
y(x) = Ae“+Be *+1

The boundary conditiong 0) = y(1) = 0 constrailA+B = —1 and
Ae+Bel=—-1,s0Ae+(1-Ael=1,s0A= =1 andB= L=

) e-e! e—e?!
Then the exact solution to the extremal problem is
el-1 1-e
y(x) e’-1

- e—e! e—el
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Simple Example

Find extremals for
irL , 1
F{y} =/ SYPH Sy -y | o
0o |2 2
with y(0) = 0 andy(1) = 0.
E-L equationy’ —y = 1.
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Simple Example: Euler's FDM

Find extremals for
i , 1
F{y}=/ SYPH oY -y | o
0 |2 2

Euler's FDM.
» Take the grid =i/n,fori=0,1,...,nso
> end pointsjp =0 andy, =0

> Ax=1/n
> Ay =VYir1—Vi
» So

> Y = Ay /A= n(Yi11— Vi)

> and
Y2 =n? (Y2 — 2yiYir1+ Y1)
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Simple Example: Euler's FDM

Find extremals for
im 1
Pk = [ |32 38y
0

Its FDM approximation is

n-1
F) = 3 1o)X
n-1

- 2 %”2 O = 29i¥h1+¥a) AXH (972 = )
n-1 ' .
= ; %n (Y —2yi¥is1+Yoa) + y,2/2n yi
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Simple Example: Euler's FDM

Taking derivatives, note thgt only appears in two terms of the FDM
approximation

n o1 Ye/2-yi
H(y) = % én(yiz_zyiyi+1+yi2+1) + n +AoYo + AnYn
1=
aﬁ( ) n(yO—Y1)+y0—;1+)\o fori=0
T_y = n(ZYi—yHl—Yifl)—i—%—% fori=1,...,n—1
| N(Yn—Yn-1) +An fori =n

We need to set the derivatives to all be zero, so we now have linear
equations, includingo = y, = 0, andn+ 3 variables including the two
Lagrange multipliers. We can solve this system numeriaading, e.g.,
matlab.

Variational Methods & Optimal Control: lecture 12 — p.11/27

Simple Example: end-conditions

» We know the end conditiong0) = y(1) = 0, which imply that

y0:yn:0

» Include them into the objective using Lagrange multipliers

_ n—ll 2 2_ 2
yl/n y| +)\0y0+)\nyn

H(y) = 20 SN (Y —2yi¥i1+ Y1) +
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Simple Example: Euler's FDM

Example:n = 4, solve

Az=D
where

—4.00 0.00
825 —4.00 ~4.00 0.25
~400 825 —4.00 0.25
A= —400 825 —4.00 and b=| 025
400 825 —4.00 0.25
-400 825 —4.00 0.00
—4.00 0.00

» firstn+ 1 terms ofz givey

» last two terms given the Lagrange multipliers
Ao andA,
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Simple example: results

n=2
0.2

0.15

0.05
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Convergence of Euler's FDM

The condition for a stationary point becomes

_ N\ of Dy
oF  of oyiyl)— ay (X| yIaAA))/() 3 (Xi—layi—la Xxl) B
ay| - ay| thlv ] AX -

In limit N — o, thenAx — 0, and so we get

of 4 (o1)_g
dy dx\oy )

which are the Euler-Lagrange equations.

» i.e., the finite difference solution converges to the solubf the
E-L equations
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Convergence of Euler's FDM

_ n-1

F(y):Z}f(X. Yis y>AX and Ay, =VYii1—Vi
i=

Only and two terms in the sum involyg so

oF 0 y. 0 by
ayi - ayl f (Xi LYi-1, — > + ay| f <X|7yl7 AX>
. 1 of Ayifl
~ Axoy XYt mA
of . Ayi 1 of . Ayi
) (o)

X|7y|7AA))/(I> ay’ (XI 17y| l)AXX )

AX

of ay(
= a—M(Xi,yi,)/.)
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Comments

» There are lots of ways to improve Euler's FDM
> use a better method of numerical quadrature (integration)
* trapezoidal rule
* Simpson’s rule
* Romberg’s method
> use a non-uniform grid
* make it finer where there is more variation

» We can use a different approach that can be even better
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Ritz's method

In Ritz’'s method (called Kantorovich’s methods where thenmore than
one independent variable), we approximate our functidresé¢ktremal in
particular) using a family of simple functions. Again we aaduce the
problem into a standard multivariable maximization profl®ut now we
seek coefficients for our approximation.
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Ritz's method

» select{q;},

> Approximateyn(X) = @(X) + C1¢1(X) + C2@2(X) + - - + Can(X)
X1

> Approximater{y} ~ F{yn} = / f (X, Yn, Yn) o
Xo

» Integrate to geF{yn} = Fn(C1,Cp,...,Cn)
» F,is a known function oh variables, so we can maximize (or
minimize) it as usual by
oF,
—"_0
aCi

foralli=1,2,...,n.
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Ritz's method

Assume we can approximayéx) by

Y(X) = @o(X) + 11 (X) + Co@2(X) + -+ + Cnh(X)

where we choose a convenient set of functiy(x) and find the values of
¢; which produce an extremal.

For fixed end-point problem:

» Chooseap(Xx) to satisfy the end conditions.
» Thengj(x) =@j(x1)=0forj=1,2,...,n
The can be chosen from standard sets of functions, e.g. powiesser

trigonometric functions, Bessel functions, etc. (but mhestinearly
independent)
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Upper bounds

Assume the extremal of interest is a minimum, then for theeexal

F{y} <F{y}

for all y within the neighborhood of. Assume our approximating
functiony, is close enough to be in that neighborhood, then

F{y} <F{yn} =Fa(c)

so the approximation provides apper bound on the minimunf{y}.
Another way to think about it is that we optimize on a smalkraf
possible functiong, so we can’t get quite as good a minimum.
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Simple Example

Find extremals for
i , 1
Fivh= [ |5y 5¥ -y &
0
with y(0) = 0 andy(1) =0

E-L equations/” —y = 1, but we shall bypass the E-L equations to use
Ritz's method.
X) + Zlc.

where we takep(x) = 0 and@ (x) = X (1—x)'.
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Simple Example

We solve forc; by setting
dFj_ . 11c, 1

de 30 6 0

to getc; = 5/11, so the approximate extremal is

i) = Tox(1-%)

The value of the approximate functional at this point is

211
Fi(5/11) = 0_21% - % — 037879

which is an upper bound on the true value of the functionahen t
extremal.
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Simple Example

Simple approximationy; = c;@;(x) we get
1
Fuloy) = Fl} = [ | 50808 + 5 - cam|
Now @(x) = x(1—x) so@, = 1—2x, and

Fi(c) = /01 [%(1—2x)2+%xZ(l—x)z—clx(l—x)] o
2
- 0_21/01 [1—4x+5%° — x| dx+c1/01 [—x+%°] dx

_ C_j[x_zx2+5x3/3—x5/5]é+cl [—2/2+%/3],
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Simple example: results

0.12

0.1f

0.08p

0.06f

0.04p

— exact
- Y50 X(1-X)

0.02f

0 0.2 0.4 0.6 0.8 1
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Alternate approach

Chooseap; (X) = sin(Tx) (use the first element of a trigonometric series to
approximatey). Then,q(x) = icog1x), and so the functional is

Fi(cn) = F{a@} :/01 Eci(ﬂlz-l-(f%(ﬁ—cl(ﬂ dx

/01 [ﬁ cog(Tx) + % Sir?(Tix) — clsin(nx)] o

2
Now [ cof(TiX) =[5 sirf(TX) = 1/2,
and [3 sin(rx) = [~ 2 cogT) |3 = —2/T, S0
Fle) = 32 [+1] - 20,
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example: alternative results

0.12
0.1}

0.08} / \

0.06} ’ o\

0.04f (] A
’ —_ exact
A y. =c, sin(Tx)
== V1T A\

0.02f /¢ \ 1

0 0.2 0.4 0.6 0.8 1
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Alternate approach

Once again we solve far; by setting

dF, 1 2
——=c - [P+1]-==0
dc; 12 [ + ] Tt

to getc; = (nz 17+ SO the approximate extremal is

y1(x) = e+ 1) sin(Tx)
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