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Example: the Catenary, again

The functional of interest (the potential energy) is

X1
Wo{y} = mg /Xo yv/ 14 y?2dx
Take symmetric problem with fixed end points
y(—1) =aandy(l) =a

and we know the solution looks like

y(X) =1 cosh(i)

C1

wherec; is chosen to match the end points.
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Numerical solutions
(continued

Ritz applied to the catenary gives additional insights aadtdrovich’s
method generalizes Ritz to 2D functions..
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Example: the Catenary, again

y(1) = 2 givesc; = 0.47 orc; = 1.697
» are they both local minima?
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Ritz and the Catenary

Lets try approximating the curve by a polynomial

Y(X) = 80+ aiX+ aX° + agx® +aux* + - -

Note that symmetry of problem impligsis an even function, and hence
the odd termsy = az = --- = 0. So, to second order we can approximate

Y(X) ~ ag + apx?

We have fixed/(1) = yi1, so we can simplify to get

Y(X) ~ ag+ (y1 — 80)X°
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Ritz and the Catenary

From Maple

Wp(ao) = —1/4a0(—8y/T(4—4a0+a0%) + (—4In(2) — 1—In(4—4ag + ap?)) /Tt
—/T(4—4a0+a0’)(—(4—4a0+a’) ' - 8)

—8/Ti(4— 4ap+a0?)sort(1+ (16— 16ag + 4ap2) 1)

~1/16 128120005322 G2 2L 10 AeRonan®) D)) (/7 (sqri(4 - 4o+ 7))

~1/16(2 - 20)(~16/T(4— 420+ a0%)? — 4 /T4 — 430 + 20°)
—1/4(1/2—41n(2) —In(4—4ag+ag?) ) /Tt
+2/T(4—4ag+a0?)?(1/16(4— 4ag+a0?) 2 +2(4—4ag+a?) 1 +8)
+2T(4— 40 +80°)*(—(4—4ag+a0°) " —8)sart(1+ (16— 16ag +4a0?) 1)

2 - 2y-1 _
+1/32 V/T(64—64ap+16a9 )In(lz{fzzi:rg(lﬂm 16ap+4ap”) )>)(474a0+a02)*3/2\/ﬁ 1

Its a pain to find the zeros afW /day, but its easy to plot, and find them
numerically.
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Ritz and the Catenary

y =~ ao+(y1—ao)x’
Y =~ 2(y1—ag)x

We can substitute into the functional
X1
Wo{y} =mg /XO yv/ 1+y2dx

and integrate to get a functidii,(a;) with respect ta.

But this function is pretty complicated
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Ritz and the Catenary

Its a function, and | can plot it, or use simple numerical teghes to find
its stationary points.
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Ritz and the Catenary

Stationary points
» local max:ag ~ 0.41
» local min:ag ~ 1.69
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More than one indep. var

2D case: we are approximating a surface with series of fonstie.g.

2% Y) = za(X,Y) = @o(Xy) + _icicn(x, y)

wheregy(x,y) satisfies the boundary conditions, egg(x,y) = zo(X,y) for
(x,y) € 0Q, the boundary of the region on inter&stand theg (X, y)
satisfy the homogeneous boundary conditigrg,y) = 0 for (x,y) € 8Q.
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Ritz and the Catenary

Doesn't just give us an approximation to the extremal curigeglso
gives us some insight into the nature of these extremals. If

» approximations are near to the actual extrema
» There are no other extrema so close by
» The functional is smooth (it can’t have jumps either)

Then the type of extrema we get for the approximation willleegame
for the real extrema, i.e.,

» local max:ag ~ 0.41= local max forc, = 0.47
» local min:ag ~ 1.69= local min forc, = 1.697
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More than one indep. var

As before, we approximate the functional by

F{z} ~F{z,} = FR(cy,...,Cn)

As before we determine theg by requiring that the partial derivatives are
zero, e.g.

ok,
ac

foralli=1,2,...,n
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Kantorovich’s method

Approximate with

Z(%Y) > za(X,Y) = @o(Xy) + _ici @ (xy)

Again theq are suitably chosen, but tleeare no longer constants, but
rather functions of one independent variable. This allowesger class of
functions to be used.
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Example

Find the extremals of

Flao) = [ [ (Z+2-22) oxay

with z= 0 on the boundary.

The Euler-Lagrange equation reduces to the Poisson equatip

dot dof _ of
dx0z, dxdz, 0z
d d

D%z(x,y) = -1
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Kantorovich’s method

Note that the integral function

iz = [ty ar=3 o[ atcya] ax
We integrate the inner integral, and get
Fiz} = _i/ci(x)q)i(x)dx

Now we just have a function of and so we may apply the
Euler-Lagrange machinery.

The method approx. separates the variaklasdy.
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Example

Approximate
21(x,y) = c(x)(b* —y?)
Notez (x,+b) = 0 (as required) and

(‘Zix) = (P —y)’

= OBt -2+

(‘%) — (cx2y)?
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Example Example
Hence, we approximate Euler-Lagrange equations
{z(xy)} ~ Faxy)} dof of 0
b ra _ . =
- /b/ (Z+7-27) dkdy 32 16 g
_a _ab b5 //( ) §b3C(X) + §b3 -0
= [ [ 00202~y + ey — 20(x) (67— )] o | o 5 5
al/ X)) = gz
a 2b? 4h?
- / [ (02(b%y — 20%%/3+°/5) + Ac(x)2y?/3—
-a Solutions
2c(x)(b%y — ¥*/3)] ", i
16 8 8 c(x) = kycosh \/§§ +kzsinh \/55 +}
- / Z2B5¢(%)2 + obPe(x)? — obie(x) | ok - 2b) T 2b) 2
_al 15 3 3
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Example Example
So we can write Note that the function must be zero on the boundary(sa,y) = 0, and
a so we look for an even functioz(x), and sd, = 0, and alsa@(+a) = 0,
F{z(x,y)} ~F{z(x,y)} = F{c(X)} = / f(x,c,c)dx SO
—a
We can use the simple Euler-Lagrange equations, where ca = ki COSh(\/E%) + %
f(x,c,c) = 10 b°c (x)2 + §b3c(x)2 — §b3c(x) 1 5a
15 3 3 —= = kycosh{ /= b
o _ Esb3c(x) S ’ ’
oc 3 3 o« — 1
of 32 v
a0 ~ 15°°™ 2c0st( /3¢
dof 324 o
axoc ~ 157 ° ™
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Example

Solution

Z1(X,y) — }(bz—yz) 1 M
cost(/32)

2
If we wanted a more exact approximation, we could try

22(x,y) = (b* —y?)eu(x) + (b” — ) ca(x)
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Lower bounds

» Obviously, quality of solution depends on
> family of functions chosen
> number of terms used,

» Could test convergence by increasimgnd seeing the difference in
|F{Ynt+1} — F{yn}|, but this is not guaranteed to be a good
indication.

» A better way to assess convergence is to have a lower-bound

lower bound < F{y} < upper bound

» usecomplementary variation principle
» Dbut its a bit complicated for us to cover here.
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