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Fixed end points: lecture 4

Let F : C?[Xo,X1] — IR be a functional of the form

F{y}=/XOX1f(w,>/)dx,

wheref has continuous partial derivatives of second order witheesto
X, y, andy’, andxp < X;. Let

S— {y c Cz[xo,xl] \ Y(Xo) = Yo andy(X;) = Y1} >

whereyy andy; are real numbers. if € Sis an extremal foF, then for all
X € [Xo,Xq]

d /of of |
dx (ay’) Ty 0| < the Euler-Lagrange equation
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Special Cases: lectures 4-8

B f depends only oy
B e.g., geodesics in the plane
B always results in straight lines

B f has no explicit dependence gifautonomous case)
M e.g., the catenary, brachystochrone, Newton’s nosecone
B use the Hamiltonian (sometimes)

B f has no explicit dependence gn
B e.g., the geodesic on the sphere
m Jf /0y = condt

mf=AXY)Y +B(xYy) (degenerate case)
B E-L results in identity

Variational Methods & Optimal Control: lecture 30 — 522/



Invariance: lecture 8
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Extensions: lecture 9-11

Points to remember:

(V)@= [ fzyzy.2

endent variables
 andz(x)

multiple E-L equations iIndependent variabbe

If there is more than one, the

E-L equation is a partial DE

higher order derivative’
use Euler-Poisson equation

And we can combine each of the above if more than one casesappli

Variational Methods & Optimal Control: lecture 30 — 28/



Numerical methods: lecture 12-13
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Constraints: lecture 14-16, 21

B Integral constraints of the form

/g(x, y,y )dx = const

e.g., the Isoperimetric problem.
B use Lagrange multiplier constant

m Holonomic constraints, e.gg(x,y) =0
B use Lagrange multiplier functiok(x)

® Non-holonomic constraints, e.@(x,y,y’) =0
m use Lagrange multiplier functiok(x)

B Inequality constraints, e.gy(x) > g(X)
B either E-L equations, or constrayitx) = g(X)
B take care at corners, but oftgh= ¢
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Free end points: lecture 17-19

m free at both end points

[péy—HBx]Xl:Owherep g; andH = y——f

X0

B separable end pointgoy — Héx‘ =0
Xi

m fixed x, freey, sodx # 0 anddy = 0 soH|, =0
| fixedy, freex, sodx = 0 anddy # 0 sop|, =0

B terminal costp(ty, X1 (t1)), free(ty, X (t1))

[0 [0 B
(5rp)oce (5 -n)a] | o
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Free end points: lecture 17-19

m higher order derivativest (x,y,Y,y")

of dat| o o dor|
oy dxay” |, - oy dxay”|,
i =0 and i =0
ay// % ay// %

| first set replacg(x;) =y, fixed
e.g., a supported beam

m second set replaggx ) =y fixed
e.g., a clamped beam
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Free end points: lecture 17-19

® multiple dependent variables

n n
Z POk — HOt = 0 wherepy = S—L andH = Z qkpk L
k=1 &

Oy

B transversals: end points on cure, yr)

dxr dyr ~dyr dxr

. %
B special case F iy} — /O K (x,y) W dx

transversal condition means extremal jdingt right angles
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Corners: lecture 20

B solve E-L equations
B |ook for solutions for each end condition
B match up the solutions at a cornérso that

M yis continuous
m the Welerstrass-Erdman corner conditions hold

SO
yx*— — yx*ﬂL
P = P,
H = H
X~ X

at any ‘corner’
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Tricks for solving problems

B Exploiting special properties: see special cases

B Hamilton’s equations (Canonical Euler-Lagrange equadion
B Hamilton-Jacobi equations

u PMP
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Optimal Control: lecture 17, 21-23, 26-28
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Conservation laws: lecture 25
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Classification: lecture 29
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