
Transform Methods & Signal Processing
Class Exercise 0

Matthew Roughan
<matthew.roughan@adelaide.edu.au>

The goal of this class exercise is to assess your grasp of the assumed knowledge for this course (Level II Fourier Series
and Differential Equations or the equivalent). No marks will be assigned, but this is nevertheless an important exercise.

1. Trigonometry:

(a) simplify the following

i. cos2(x) + sin2(x)
Solution: cos2(x) + sin2(x) = 1

ii. sin(x + π/2)
Solution: sin(x + π/2) = cos(x)

iii. sin(αx + π)
Solution: sin(αx + π) = − sin(αx)

iv. cos(x − 2π)
Solution: cos(x − 2π) = cos(x)

(b) write the following without any products of cosines or sines

i. 2 cos(nx) × cos(mx)
Solution: 2 cos(nx) × cos(mx) = cos((n − m)x) + cos((n + m)x)

ii. 2 sin2(θ)
Solution: 2 sin2(θ) = 1 − cos(2θ)

2. Differentiation and Integration:

(a) Differentiate the following functions
function derivative

(i)
∫

eαx dx f ′(x) = αeαx

(ii) f(x) = x2 cos(−x) f ′(x) = 2x cos(−x) + x2 sin(−x)
(iii) f(x) = sin (ln(x)) f ′(x) = cos (ln(x)) /x

(iv) f(x) =

∞
∑

i=0

xi, for |x| < 1 f ′(x) =

∞
∑

i=0

ixi−1 = 1/(1 − x)2

(v) x1/ ln(x) Note that

x1/ ln(x) = exp(ln(x1/ ln(x)))

= exp(ln(x)/ ln(x))

= exp(1)

Given that the function is a constant, then the derivative must be zero.
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(b) Find the integrals

i.
∫

eαx dx

Solution:
∫

eαx dx = eαx/α + c

ii.
∫ 1

0

xe−ix dx

Solution:
∫ 1

0

xe−ix dx = i[xe−ix]10 − i

∫ 1

0

e−ix dx = ie−i + [e−ix]10 = ie−i + e−i − 1

iii.
∫ ∞

−∞

e−πt2e−i2πst dt

Solution:
∫ ∞

−∞

e−πt2e−i2πst dt =

∫ ∞

−∞

e−π(t2+i2st) dt

= e−πs2

∫ ∞

−∞

e−π(t+is)2 dt

= e−πs2

∫ ∞+is

−∞+is

e−πu2

du

= e−πs2

iv.
∫ π

−π

cos(nx) cos(mx) dx

Solution: Use the results of Q1.b.i, so forn, m ∈ IN , n 6= m

∫ π

−π

cos(nx) cos(mx) dx =
1

2

∫ π

−π

cos((n − m)x) + cos((n + m)x) dx

=
1

2

[

− sin((n − m)x)

(n − m)
− sin((n + m)x)

(n + m)

]π

−π

= 0

Forn, m ∈ IN , n = m

∫ π

−π

cos2(nx) dx =
1

2

∫ π

−π

1 + cos(2nx) dx

=
1

2

[

x − sin(2nx)

2n

]π

−π

= π

v.
∫ 2

0

∫ 4

0

(x2 − y2) dx dy

Solution:
∫ 2

0

∫ 4

0

(x2 − y2) dx dy =

∫ 2

0

[

x3/3 − y2x
]4

0
dy

=

∫ 2

0

43/3 − 4y2 dy

=
[

43y/3 − 4y3/3
]2

0

= 2 × 43/3 − 4 × 23/3

= 23(16 − 4)/3

= 27

2
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3. Co-ordinate systems: Take circular co-ordinatesr, θ such that

x = r cos θ, y = r sin θ

(a) draw a picture to illustrate this coordinate system

Solution:

x

y

r

θ

(b) calculate the JacobianJ of the coordinate transform

Solution: The Jacobian Matrix is

J =

(

∂x
∂r

∂x
∂θ

∂y
∂r

∂y
∂θ

)

=

(

cos θ −r sin θ
sin θ r cos θ

)

The Jacobian Determinant is
J = r cos2 θ + r sin2 θ = r.

Either might be abbreviated to Jacobian but the determinantwill be more useful for us.

4. Complex numbers:

(a) simplify (2 + i) × (1 − 3i)

Solution: (2 + i) × (1 − 3i) = 2.1 − 2.3i + i.1 − 3i2 = 2 − 6i + i + 3 = 5 − 5i.

(b) find the imaginary partℑ
(

2+i
5−3i

)

Solution: 2+i
5−3i = 2+i

5−3i × 5+3i
5+3i = (2+i)(5+3i)

25+9 = 10+5i+6i−3
34 = 7+11i

34 The imaginary part of this is11/36.

(c) find the complex conjugate ofa + bi

Solution: a − bi

(d) draw a picture of the set|z| ≤ 1
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(e) find all of the values of4
√
−1

Solution: ±(1 + i)/
√

2, ±(1 − i)/
√

2
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(f) for complex numberz find d
dz ez

Solution: Write ez = ex+iy = exeiy = ex(cos(y) + i sin(y)). Imagine a co-ordinate transform, consistent with
our definition ofz = x + iy, i.e.,

z = x + iy

w = x − iy

Now the inverse transform would be

x =
z + w

2

y =
z − w

2i

The chain rule is

∂

∂z
=

∂x

∂z

∂

∂x
+

∂y

∂z

∂

∂y

=
1

2

∂

∂x
+

1

2i

∂

∂y

Hence

d

dz
ez =

1

2

∂ex

∂x
(cos(y) + i sin(y)) +

1

2i

∂

∂y
(cos(y) + i sin(y))

=
1

2
ex(cos(y) + i sin(y)) +

ex

2i
(− sin(y) + i cos(y))

= ex(cos(y) + i sin(y))

= ez.

(g) showez1ez2 = ez1+z2 wherez1 = x1 + y1i andz2 = x2 + y2i

Solution: Note first thatez1 = ex1+iy1 which we define to beez1 = ex1eiy1i, and so

ez1ez2 = ex1+y1iex2+y2i

= ex1ex2ey1iey2i

= ex1+x2e(y1+y2)i

= ex1+x2+(y1+y2)i

= ez1+z2

5. Fourier series:

(a) which of the following functionsodd, evenor neither

x2, ex, e|x|, x sin(nx)

Solution:
even, neither, even, even

(b) given a periodic function (period 4), defined byf(x) = x on the interval[−2, 2]

i. draw this function over the interval[−6, 6]
Solution: see the red “saw-toothed” curve in the following plot.

ii. obtain the Fourier series representation off(x).
Solution: For a function with periodL

f(x) =

∞
∑

i=−∞

Anei2πnx/L
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where forn 6= 0

An =
1

L

∫ L/2

−L/2

f(x)e−i2πnx/L dx

=
1

L

∫ L/2

−L/2

xe−i2πnx/L dx

=
1

L

[

xe−i2πnx/L/(−i2πn/L)
]L/2

−L/2
+

1

i2πn

∫ L/2

−L/2

e−i2πnx/L dx

=
L

−2iπn

[

e−iπn + eiπn

2

]

+
1

i2πn

[

e−i2πnx/L/(−i2πn/L)
]L/2

−L/2

=
L cos(πn)

−2iπn
+

L

2i(πn)2

[

e−iπn − eiπn

−2i

]

=
(−1)nL

−2iπn
+

L sin(πn)

2i(πn)2

=
(−1)nL

−2iπn

A0 is a special case andA0 = 0. If we take the two components

Anei2πnx/L + A−ne−i2πnx/L =
L(−1)(n+1)

πn

ei2πnx/L − e−i2πnx/L

2i
=

L(−1)(n+1) sin(2πnx/L)

πn

we get

f(x) =

∞
∑

n=1

L(−1)(n+1) sin(2πnx/L)

πn
,

which is the standard Fourier series representation of the saw-tooth wave formf(x).
The following figure illustrates the Fourier series construction of the saw tooth, with each graph showing the
sum fromn = 1, . . . , N for increasingN = 1, . . . , 7. Notice how as more components of the Fourier series
are included, the blue curve gets closer to the red curve (theoriginal functionf(x)).
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