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Note that not everything said in the letures is inluded in the notes provided. You must listen,and take notes. These spaes in your handout notes are provided to allow you to take notesin letures. You may be examined on material that is disussed in letures, even if it does notappear expliitly in your notes!
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Introdution

OF bodies hang'd to various forms, I sing:Ye Gods, from whom these mirales did spring,Inspire my numbers with oelestial heat;'Till I my long laborious work ompleat:Ovid, Metamorphoses
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Outline

◮ Introdution: (1 week)

◮ Continuous Fourier transforms: (1 week)

◮ Disrete Fourier transforms: (2 weeks)

◮ Filters and Linear Systems: (2 weeks)

◮ The Radon Transform and tomography: (1 week)

◮ Random Proesses and some theorems: (1 week)

◮ Wavelets: (4 weeks)More detailed outline available at

http://internal.maths.adelaide.edu.au/people/mrough an/Lecture_notes/

Transform_methods/
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Some referene books

◮ �Understanding Digital Signal Proessing�, R.G.Lyons, Prentie-Hall, 2nd edition, 2004.
◮ �Signals, Systems and Transforms�, C.L.Phillips,J.M.Parr and E.A.Riskin, Prentie-Hall, 3rd edition,2003.

◮ �The Fourier Transform and its Appliations�, R.N.Braewell, MGraw-Hill, 2000.
◮ �A Wavelet Tour of Signal Proessing�, StephanMallat, Aademi Press, 2001.
◮ �Digital Image Proessing�, R.C. Gonzalez and R.E.Woods, 3rd Ed., Prentie Hall, 2008.
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On-line materialsAll materials an also be found at

http://internal.maths.adelaide.edu.au/people/mrough an/Lecture_notes/

Transform_methods/MyUni is not used in this ourse.

Transform Methods & Signal Processing (APP MTH 4043): lecture 01 – p.5/61



MotivationA man amped in a national park, and notied Mr Snakeand Mrs Snake slithering by. "Where are all the littlesnakes?" he asked.
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Motivation for transformation
◮ operations on transformed data may be easier

log(ab) = loga+ logbinsight behind slide rules
⊲ want to ompute ab

⊲ take logs (with slide rule)
⊲ add the logs loga+ logb

⊲ invert the log funtion ab = exp(loga+ logb)

◮ the same information is presentbut somehow more aessible

⊲ time domain vs frequeny domain
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The point is that sometimes transforms make it easier to do ertain things, e.g. logarithmsmake it easier for us to multiply. The Fourier Transform is often used beause it makesonvolutions easier.
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Appliation areas

◮ signal and image proessing

◮ physis (e.g. astronomy)

◮ number theory

◮ probability theory and statistis

◮ ryptography

◮ aoustis

◮ oeanography and seismology

◮ optis and rystallography

◮ geometry

◮ everything else...

Transform Methods & Signal Processing (APP MTH 4043): lecture 01 – p.8/61

Transform Methods & Signal Processing (APP MTH 4043): lecture 01 – p.8/61

Appliations: signal proessing
◮ Internet traf� analysis

⊲ detet anomalies (DoS attaks and worms)
⊲ haraterize traf� (as a fratal)

◮ Musi generation and analysis
⊲ frequeny, pith and harmonis
⊲ musi struture, and fratals

◮ Biomedial engineering
⊲ ECG proessing
⊲ CAT and MRI sans

◮ Image proessing
⊲ deteting objets in images

⊲ ompression (JPEG, �ngerprints)
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More examples
◮ astronomy

⊲ enhaning blurry images

⊲ understanding repeated patterns: e.g. pulsars

◮ A/V
⊲ (heap) digital musi and TV

⊲ ompression: musi (e.g. MP3), images (JPEG), voie (ell phones, skype)

⊲ noise redution

⊲ CGI (Computer Generated Images)

◮ teleommuniations

⊲ eho suppression

⊲ equalization

◮ industry

⊲ proess monitoring

⊲ �nding problems (e.g. bad bearings on trains)

⊲ mining (�nding ore bodies)

◮ military

⊲ sonar

⊲ radar
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Integral transforms

◮ An integral transform is a transform de�ned interms of an integral

f (t) →
Z

f (t)g(t,s)dt

◮ Map a funtion (say of time) to a funtion of s

◮ g(·) is alled the kernel of the transform

◮ notation (several alternatives)

⊲ T{ f (t);s} =
R

f (t)g(t,s)dt

⊲ F(s) =
R

f (t)g(t,s)dt, H(s) =
R

h(t)g(t,s)dt

⊲ F (s) =
R

f (t)g(t,s)dt, H (s) =
R

h(t)g(t,s)dt

⊲ f̃ (s) =
R

f (t)g(t,s)dt
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Linear operators

◮ operators on funtions (e.g. of time)ould all it a funtional

◮ linear operator O{ f} is de�ned by
O{a f +bh} = aO{ f}+bO{h}for a,b,∈ R

◮ integral transformations are linear operators

Z

[a f (t)+bh(t)]g(s, t)dt = a
Z

f (t)g(s, t)dt +b
Z

h(t)g(s, t)dt
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Examples of integral transforms

Name kernel g(·) transform of f (t)Identity δ(s− t) F(s) =

Z ∞

−∞
f (t)δ(s− t)dt

Fourier e−ist F(s) =
Z ∞

−∞
f (t)e−ist dt

Laplae e−st , for t ≥ 0 F(s) =

Z ∞

0
f (t)e−st dt

Hilbert 1
π(s−t) F(s) =

Z ∞

−∞
f (t)

1
π(s− t)

dt

Mellin tz−1 F(z) =

Z ∞

0
f (t) tz−1dt

Fourier Cosine cos(st) F(s) =

Z ∞

−∞
f (t) cos(st)dt
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An example: the Fourier transform
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The �gure shows a simple sine wave (top plot), and its power spetrum (lower plot), formedby taking the square of the (Disrete) Fourier transform.Matlab ode:
% file: fft_sin_1.m, (c) Matthew Roughan, Sun Jun 27 2004
x = (0:0.01:1);
f = 10; % frequency is ten cycles per second
y = sin(2 * pi * f * x);

figure(1);
subplot(2,1,1)
hold off
plot(x, y, ’linewidth’, 3);
set(gca,’xlim’, [0 max(x)]);
set(gca,’linewidth’, 3, ’fontsize’, 18);
xlabel(’time (seconds)’);

z = abs(fft(y));
subplot(2,1,2)
hold off
stem(0:(length(z)-3)/2, z(1:end/2).ˆ2, ’linewidth’, 3) ;
set(gca,’linewidth’, 3, ’fontsize’, 18);
xlabel(’frequency (Hz)’);

set(gcf, ’PaperUnits’, ’centimeters’)
set(gcf, ’PaperPosition’, [0 0 20 11.5])
print(’-depsc’, ’Plots/fft_sin_1.eps’);
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An example: the Fourier transform
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The �gure shows a simple sine wave (top plot), and its power spetrum (lower plot), formedby taking the square of the (Disrete) Fourier transform.Matlab ode:

% file: fft_sin_1a.m, (c) Matthew Roughan, Sun Jun 27 2004
x = (0:0.01:1);
f = 5; % frequency is 5 cycles per second
y = sin(2 * pi * f * x);

figure(1);
subplot(2,1,1)
hold off
plot(x, y, ’linewidth’, 3);
set(gca,’xlim’, [0 max(x)]);
set(gca,’linewidth’, 3, ’fontsize’, 18);
xlabel(’time (seconds)’);

z = abs(fft(y));
subplot(2,1,2)
hold off
stem(0:(length(z)-3)/2, z(1:end/2).ˆ2, ’linewidth’, 3) ;
set(gca,’linewidth’, 3, ’fontsize’, 18);
xlabel(’frequency (Hz)’);

set(gcf, ’PaperUnits’, ’centimeters’)
set(gcf, ’PaperPosition’, [0 0 20 11.5])
print(’-depsc’, ’Plots/fft_sin_1a.eps’);
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An example: the Fourier transform
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When we add two sine waves we an see them learly separated in the frequeny domain.

% file: fft_sin_2.m, (c) Matthew Roughan, Sun Jun 27 2004
x = (0:0.01:1);
f1 = 7; % frequency 1 = 7 Hz
f2 = 15; % frequency 2 = 15 Hz
y = sin(2 * pi * f1 * x) + sin(2 * pi * f2 * x);

figure(2);
subplot(2,1,1)
hold off
plot(x, y, ’linewidth’, 3);
set(gca,’xlim’, [0 max(x)]);
set(gca,’linewidth’, 3, ’fontsize’, 18);
xlabel(’time (seconds)’);

z = abs(fft(y));
subplot(2,1,2)
hold off
stem(0:(length(z)-3)/2, z(1:end/2).ˆ2, ’linewidth’, 3) ;
set(gca,’linewidth’, 3, ’fontsize’, 18);
xlabel(’frequency (Hz)’);

set(gcf, ’PaperUnits’, ’centimeters’)
set(gcf, ’PaperPosition’, [0 0 20 11.5])
print(’-depsc’, ’Plots/fft_sin_2.eps’);
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An example: the Fourier transform
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Even thought we know that the signal is onstruted of four simple periodi funtions, it ishard to see this when looking at the signal. However, it is obvious when we examine theFourier transform.

% file: fft_sin_3.m, (c) Matthew Roughan, Sun Jun 27 2004
x = (0:0.005:1);
f1 = 7; % frequency 2 = 7 Hz
f2 = 15; % frequency 2 = 15 Hz
f3 = 29; % frequency 2 = 29 Hz
f4 = 42; % frequency 2 = 42 Hz
y = sin(2 * pi * f1 * x) + sin(2 * pi * f2 * x) + sin(2 * pi * f3 * x) + sin(2 * pi * f4 * x);;

figure(3);
subplot(2,1,1)
hold off
plot(x, y, ’linewidth’, 3);
set(gca,’xlim’, [0 max(x)]);
set(gca,’linewidth’, 3, ’fontsize’, 18);
xlabel(’time (seconds)’);

z = abs(fft(y));
subplot(2,1,2)
hold off
stem(0:49, z(1:50).ˆ2, ’linewidth’, 3);
set(gca,’linewidth’, 3, ’fontsize’, 18);
xlabel(’frequency (Hz)’);

set(gcf, ’PaperUnits’, ’centimeters’)
set(gcf, ’PaperPosition’, [0 0 20 11.5])
print(’-depsc’, ’Plots/fft_sin_3.eps’);
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An example: Beats
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When two lose notes are played together, we hear �beats�. The beat frequeny is

| f1 − f2|. This phenomena is often used in tuning instruments (e.g. guitars). In the abovegraph the beat frequeny is obvious in the piture (and would be audible at one Hz).While the beats an be useful, it is also important to understand what frequenies arepresent in the signal, and in fat there is no signal at 1Hz, as we an see in the power spetrum.

% file: beats.m, (c) Matthew Roughan, Wed Jul 23 2008
N = 10;
x = (0:0.01:N);
f1 = 7; % frequency 1 = 7 Hz
f2 = 8; % frequency 2 = 8 Hz
y = sin(2 * pi * f1 * x + pi) + sin(2 * pi * f2 * x);

figure(2);
subplot(2,1,1)
hold off
plot(x, y, ’linewidth’, 3);
set(gca,’xlim’, [0 max(x)]);
set(gca,’linewidth’, 3, ’fontsize’, 18);
xlabel(’time (seconds)’);

z = abs(fft(y));
subplot(2,1,2)
hold off
stem((0:99)/N, z(1:100).ˆ2, ’linewidth’, 3);
set(gca,’linewidth’, 3, ’fontsize’, 18, ’xtick’, [0:10]) ;
xlabel(’frequency (Hz)’);

set(gcf, ’PaperUnits’, ’centimeters’)
set(gcf, ’PaperPosition’, [0 0 20 11.5])
print(’-depsc’, ’Plots/beats.eps’);
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Example: ECG
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How does the mahine that goes �beep� in a hospital work? Its looking for the period of yourheartbeat, looking at a signal like this.
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Sound and WavesSound is formed from pressure waves in the air
◮ the disturbane propagates as the suessiveompression and rarefations
◮ the number of ompression-deompressionsequenes arriving at the detetor during a hosentime interval is alled the frequeny
◮ The time interval between suessive maximalompressions is alled the period.
◮ The wavelength is the veloity divided by thefrequeny.
◮ At ground level and at 0o C the speed of sound isapproximately 331.5 metres per seond
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The wavelength of the note we all A=440Hz. proves to be about 753 mm (about 30 inhes).

Transform Methods & Signal Processing (APP MTH 4043): lecture 01 – p.19/61



PithEqual Temperament sale. Tuning Pith: A=440HzNote Frequeny (Hz)A 27.50 55.00 110.00 220.00 440.00 880.00 1760.00A# 29.13 58.27 116.54 233.08 466.16 932.32 1864.65B 30.86 61.73 123.47 246.94 493.88 987.76 1975.53C 32.70 65.40 130.81 261.62 523.25 1046.50 2093.00C# 34.64 69.29 138.59 277.18 554.36 1108.73 2217.46D 36.70 73.41 146.83 293.66 587.33 1174.65 2349.31D# 38.89 77.78 155.56 311.12 622.25 1244.50 2489.01E 41.20 82.40 164.81 329.62 659.25 1318.51 2637.02F 43.65 87.30 174.61 349.22 698.45 1396.91 2793.82F# 46.24 92.49 184.99 369.99 739.98 1479.97 2959.95G 48.99 97.99 195.99 391.99 783.99 1567.98 3135.96G# 51.91 103.82 207.65 415.30 830.60 1661.21 3322.43
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Equal temperment sale

◮ Not the only possible sale

◮ onvenient, beause easy to hange key
◮ eah otave doubles the frequeny
◮ 12 semitones per otave
◮ equal spaing on a log sale
◮ ratio between semi-tones is equal (hene the nameof the sale), and therefore the ratio must be the12th root of 2 ≃ 1.0595, e.g. ratio of D# to D

38.89/36.70= 21/12 = 1.0595
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HarmonisReal instruments don't generate pure sin waves

f

2f

3f

Vibrational resonanes at fundamental frequeny f andat 2 f ,3 f , . . .We hear a mix of these harmonis
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� Harmonie universelle, ontenant la théorie et la pratique de la musique�, published in Parisin 1636-7 by Franisan friar Marin Mersenne, ontains a bunh of good stuff:

◮ measured time of return of ehos, and omputed speed of sounds (aurate to within10%)

◮ for a string under onstant tension, frequeny varies inversely as the length

◮ for a string of onstant length, frequeny is proportional to the square root of thetension

◮ for given length and onstant tension, frequeny varies inversely as the square rootof the mass/unit length.

◮ determined frequenies of notes, by measuring slow ases, and using therelationshipsHarmonis of vibrating string proposed by Daniel Bernoulli (1755).
http://www.dolmetsch.com/poshistory.htm
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Harmonis of A (440 Hz)Harmoni Frequeny Normalized Note name how lose1 (fundamental) 440Hz 440Hz A 100%2 880Hz 440Hz A 100%3 1320Hz 660Hz E 100%4 1760Hz 440Hz A 100%5 2200Hz 550Hz C# 99%6 2640Hz 660Hz E 100%7 3080Hz 770Hz G 98%8 3520Hz 440Hz A 100%9 3960Hz 495Hz B 100%10 4400Hz 550Hz C# 99%11 4840Hz 605Hz D 103%12 5280Hz 660Hz E 100%13 5720Hz 715Hz F# 97%14 6160Hz 770Hz G 98%15 6600Hz 825Hz G# 99%
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Notie that the Harmonis are not all the same note. Also, the equal temperment sale doesn'texatly math the frequenies of a set of harmonis (the harmonis our at powers of 2 ofthe fundamental frequeny) � some are off by a few perent.
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http://www.dolmetsch.com/poshistory.htm


Musial SaleA table showing the A saleFrequeny HarmoniInterval name Ratio Example equivalentFundamental 1/1 A (440) 1stSeond 9/8 B (495) 9thThird 5/4 C# (550) 5th and 10thFourth 4/3 D (586) 11thFifth 3/2 E (660) 3rd and 6thSixth 5/3 F# (733.3) 13thSeventh 15/7 G# (825) 15thOtave 2/1 A (880) 2nd, 4th, 8thAll of the notes in the sale fall (almost) on harmonis,and most of the harmonis are represented in the sale.
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Its all very onfusing (to me at least), but the important point is that the harmonis soundgood together. They are �onsonant�.The only two harmonis omitted here are the 7th and 14th. I don't know why, but maybeits beause these harmonis differ from their equal temperment pith by the more than most(98%), though F# and D are worse.
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Tone/Timbre of instrumentTone/Timbre of instrument is in part determined byproportion of different harmonis.Cos wave
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A pure osine wave has a very simple spetral representation, but a strange arti�ial tone.

%
% file: cos_wave.m, (c) Matthew Roughan, Sun Aug 1 2004
%
fs = 44100;
T = 5;
x = (1:fs * T)/fs;
f = 110;
y = 1 * cos(2 * pi * f * x);

figure(10)
plot(x,y, ’linewidth’, 3);
set(gca, ’xlim’, [0 0.05]);
set(gca, ’linewidth’, 3, ’fontsize’, 18);
xlabel(’time (seconds)’);
print(’-depsc’, ’Plots/cos_110.eps’);

z = fft(y);
w = abs(z).ˆ2;
w = fftshift(w);
q = (-length(w)/2+1:length(w)/2)/T;

figure(1)
semilogy(q, w, ’linewidth’, 3);
set(gca, ’linewidth’, 3, ’fontsize’, 18);
set(gca, ’xlim’, [0 500]);
xlabel(’frequency (kHz)’);
print(’-depsc’, ’Plots/cos_110_fft.eps’);

set(gca, ’xlim’, [-500 500]);
xlabel(’frequency (kHz)’);
print(’-depsc’, ’Plots/cos_110_fft_even.eps’);
wavwrite(y, fs, ’Plots/cos_110.wav’);
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Tone/Timbre of instrumentTone/Timbre of instrument is in part determined byproportion of different harmonis.Note on a guitar
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A Guitar note has a muh more ompliated spetrum, inluding a range of harmonis. Theseletion of harmonis determine the tone/timbre of the instrument (along with other featuressuh as the transient nature of the notes, i.e. the fat that different harmonis may die out atdifferent rates).Fourier analysis gives us a window into these phenomena.

%
% file: guitar_pluck.m, (c) Matthew Roughan, Mon Jul 24 2006
%
file = ’My Song 2.wav’;
[x, Fs, bits] = wavread(file);
dt = 1/Fs;

fprintf(’file = %s\n’, file);
fprintf(’ sampled at %d bits at %d Hz\n’, bits, Fs);
time = (1:length(x(:,1)))/Fs;

figure(2)
plot(time, x(:,1), ’linewidth’, 3);
xlabel(’time (seconds)’);
set(gca, ’xlim’, [0.22, 0.36]);
set(gca, ’linewidth’, 3);
set(gca, ’fontsize’, 18);
print(’-depsc’, ’Plots/guitar_A_110.eps’);

%%%% choose a segment of the input data
temp = x(:,1);
temp = temp - mean(temp);

y = fft(temp);
K = length(temp);
freq = (1:K/2) / (K * dt);

figure(4)
hold off
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Appliation: Pith Estimation
◮ Autotuning guitar

http://www.technologyreview.com/
Infotech/19462/page1/

⊲ muh of artile is on mehanis
⊲ somewhere we must be estimating pith of astring

◮ Simple approah is to use Fourier transform

⊲ re�ne using �harmoni omb�
http://ccrma.stanford.edu/~jos/
SimpleStrings/Plucked_Struck_String_
Pitch_Estimation.html

⊲ look for the fundamental frequeny f̂0 suh thatthe sum of (log) power in the fundamental andharmonis is maximized.

Transform Methods & Signal Processing (APP MTH 4043): lecture 01 – p.27/61

Simple version, hoose f0 that maximizes

K

∑
k=1

log|X(k f0)|where K is the number of harmonis to inlude and X is the Fourier transform of the signal.Care must be taken to hoose K, and skip any missing harmonis.
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Example spetrogram

Spetrogram shows frequeny ontent over time.This example is the Guitar pluk we heard earlier.
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Example spetrogram

Most sounds aren't ontinuous, they are transient
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The lip of sound is from the �rst 30 seonds or so of �Breathe� from the album �The DarkSide of the Moon�, by Pink Floyd.It is a perfet lip, beause it inorporates mid-term periodiities, and sounds ranging frommehanial to musial, and we an see the differene when we examine the spetrogram.
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Example spetrogram

Dark side of the moon: Breathe lip
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Appliation: Changing pith

Sometimes we want to hange pith

◮ anonymizing an interview on TV (Vooder)
◮ hanging the speed of a reording to make writing atransript easier

⊲ hanging speed is easy
⊲ but when you double the speed, you double thefrequeny

⊲ need some way to orret for the hange in pithExample:

◮ Clip from Bernard Fanning �Songbird�,

◮ With the pith inreased by a fator of 2
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Voodershttp://www.ee.olumbia.edu/ dpwe/resoures/matlab/pvo/http://www.musidsp.org/showone.php?id=126
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Appliation: Compression

◮ raw audio, image and video �les are large

◮ want to ompress them

◮ best ompression ratios allowed if we drop somedata

◮ want to make sure that the data we drop is notpereptually important

◮ examples:

⊲ JPEG images

⊲ MP3 audio

◮ both do ompression in the frequeny domain
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Appliation: Aousti �ngerprints
◮ How ould we get a omputer to identify a song?

⊲ last.fm an use �ngerprints to ID songs, beauseID3 tags in songs (put in by users) often havetypos www.last.fm .

◮ Very large database of possible songs
⊲ �ngerprint needs to be muh smaller than song

⊲ even smaller than ompressed song
◮ how do we deal with degradation

⊲ introdued noise
⊲ song might have been ompressed

⊲ maybe not all of song is played/heard

◮ natural to do it in the frequeny domain
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An example patent: �Audio �ngerprinting system and method�, United States Patent7,013,301, F. Holm, W. Hiken, Marh 14, 2006,

http://patft1.uspto.gov/netacgi/nph-Parser?Sect1=PT O2&Sect2=
HITOFF&p=1&u=/netahtml/PTO/search-bool.html&r=1&f=G &l=50&co1=
AND&d=PTXT&s1=7,013,301.PN.&OS=PN/7,013,301&RS=PN/7 ,013,301Another example: �Audio signal feature extration�, European Patent EP1403783, MORIYOSHIHIRO, OGAWA TOMOKI, MOCHINAGA KAZUHIRO, 2004-03-31,

http://swpat.ffii.org/pikta/txt/ep/1403/783/Both use frequenies present in a song to �ngerprint it.
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www.last.fm
http://swpat.ffii.org/pikta/txt/ep/1403/783/


Appliation: Transription

Allegri's "Miserere," was written in 1638, but byorder of the Pope, it ould only be sung in the SistineChapel during Easter week. About 140 years later ateenager heard the piee, and wrote the sore frommemory. There is some argument about whether hereleased it, or someone else did, but this is the perhapsthe �rst example of teenagers vs the musi industry.

◮ transription is the proess of taking audio, andonverting it to written musi (a sore).

◮ it turns out to be jolly hard to get a omputer totransribe a general piee of musi � we need todeal with transients.
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Some 2D integral transforms
◮ Radon Transform (see also Hough transform)

F(ρ,θ) =

Z ∞

−∞

Z ∞

−∞
f (x,y)δ(ρ− xcosθ− ysinθ)dxdy

◮ 2D Fourier transform (an go to N-dimensional)

F(u,v) =

Z ∞

−∞

Z ∞

−∞
f (x,y)e−2πi(ux+vy) dxdy

◮ Hankel transform (see also Fourier-Bessel)

F(u,v) =

Z ∞

−∞

Z ∞

−∞
f (r)e−2πi(ux+vy) dxdy

Fourier trans. with a radially symmetri kernel
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An example: Radon transform

F(ρ,θ) =

Z ∞

−∞

Z ∞

−∞
f (x,y)δ(ρ− xcosθ− ysinθ)dxdy

0 1 2
0

0.5

1

1.5

2

x

y

0 pi/2 pi
−2

−1

0

1

2

θ

ρ

(pi/4,sqrt2)
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An example: Radon transform

http://eivind.imm.dtu.dk/staff/ptoft/Radon/Radon.ht ml
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http://eivind.imm.dtu.dk/staff/ptoft/Radon/Radon.html


Other integral transforms

◮ Wavelet transform, H-transform, Haar-transform

◮ Z-transform

◮ Laplae-Stieltjes and Fourier-Stieltjes

◮ bilateral-Laplae (R ∞
−∞)

◮ Bushman and Mehler-Fok transforms, (powerfuntions and Legendre polynomials)

◮ G- and Narain G-Transform (Meijer G-funtion)

◮ Hartley transform (as = sin + os)

◮ Hankel (Fourier-Bessel), Kontorovih-Lebedev and,Meijer transforms (Bessel funtions)

◮ Stieltjes transform (gamma funtion and power)

◮ Abel transform (generalization of Hilbert transform)
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Relationships between transforms
◮ Cosine transform = ℜ{Fourier transform}
◮ Sin transform = ℑ{Fourier transform}
◮ Laplae transform related to Fourier transform
◮ Fourier transform related to Fourier series (notthe same)

◮ Wavelet transform related to Short Time Fouriertransform

◮ Others ...
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Basis funtionsHow do you represent a funtion?

◮ a funtion is a weighted sum (or integral) of basisfuntions

f (t) = ∑
k

akgk(t)

f (t) =

Z

a(s)g(t,s)ds

◮ simplest ase: a(s) = f (s), g(t,s) = δ(t − s)

◮ a transformation is a hange of basis
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Linear algebra example

How do you represent a vetor?

◮ a vetor is a weighted sum of basis vetors
f = ∑

k

akgk

◮ simplest ase: ak = fk, gk = (0, . . . ,0,1,0. . . ,0)t

◮ a transformation is a hange of basis
Af = ∑

k

bkhk

◮ note that disrete-time (�nite) ase, is just thesame
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Examples of integral transforms

Name basis funtionsIdentity Delta funtions δ(s− t)

Fourier Complex exponentials e−ist = cos(st)− isin(st)

Laplae Real exponentials e−st

Hilbert Hyperbola 1
π(s−t)Mellin Power funtions tz−1

Fourier Cosine Cosines cos(st)
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Properties of basis funtions
◮ orthogonal / bi-orthogonal / orthonormal
◮ redundany, ef�ieny of representation
◮ �nite/in�nite support

◮ smoothness, regularity

◮ deay

◮ size of side lobes
◮ number of vanishing moments
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Properties of basis funtions an tell us something about the properties of various transforms.
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Transform properties

◮ existene (when does integral onverge)

◮ invertible (an we get bak the original signal)

◮ omplexity (how muh work to ompute)

◮ ontinuous vs disrete

◮ how does the transform behave when we hange theoriginal signal?

⊲ e.g. streth the original signal

⊲ e.g. onvolve two signals

◮ leakage (related to regularity and deay)
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InversionStory of the frog prine=> transformations an be invertibleStory of Pygmalion=> not all transformations are invertibleHow do we deide whih is whih?
◮ basis funtions must not loose any information

◮ must be a pratial way to extrat the informationbak

◮ mapping must be one to one (preserves informationin some way)
◮ orthogonal basis
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The Frog Prine was turned into a frog by an evil with. A priness restores him with a kiss.Pygmalion is a mythologial �gure who fell in love with a statue he made. He praysto Venus (goddess of love), and she transforms the statue into a human (Galatea).

http://en.wikipedia.org/wiki/Pygmalion_(mythology)

◮ In some more modern (19th entury versions she rejets him)

◮ Many movies based on the same theme:

⊲ 80's: Weird Siene

⊲ now: BuffyBot (BTVS, "I Was Made to Love You")
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InversionName transform inverse transformFourier F(s) =
Z ∞

−∞
f (t)e2πist dt f (t) =

Z ∞

−∞
F(s)e−2πist ds

Laplae F(s) =
Z ∞

0
f (t)e−st dt f (t) =

1
2πi

Z γ+i∞

γ−i∞
F(s)est ds

Hilbert F(s) =

Z ∞

−∞

f (t)
π(s− t)

dt f (t) = −
Z ∞

−∞

F(s)
π(t − s)

ds

Mellin F(z) =

Z ∞

0
f (t) tz−1dt f (t) =

Z c+i∞

c−i∞
F(s)s−z ds

Identity F(s) =

Z ∞

∞
f (t)δ(s− t)dt f (t) =

Z ∞

∞
F(s)δ(s− t)ds
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Transform omplexity

◮ mainly an issue for disrete transformations
◮ rude (numerial) integration not very ef�ient
◮ length N data, diret transformation O(N2)

◮ Ef�ient algorithms exist
⊲ Fourier: Cooley-Tukey O(N logN)

⊲ Wavelet: pyramidal �lter bank O(N)
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Key transform property

What do they do?

◮ Radon highlights lines in an image

◮ Fourier transformation highlights frequenies

◮ Short Time Fourier Transformation (spetrogram)transient frequenies

◮ Wavelet transformation highlightstransient �utuationsProperty they highlight is related to basis funtions.
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What will we miss?Too muh!

◮ analogue devies (antenna, optial devies, analogue�lters)

◮ Transform tehniques for solving physial problems(e.g. DEs) where solution an be written in terms ofbasis funtions, e.g. heat diffusion, vibration, ...

◮ other transforms: Laplae, Laplae-Stieltjes,Fourier-Stieltjes, wavelet paket, framelets, liftingshemes, ...
◮ too muh else, ...
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Basi terminology

This ourse relies on your knowledge of omplexnumbers, and basi alulus. We will brie�y reap someof the assumed knowledge here, in part to ensure we areaware of the notation that will be used in this ourse..

Transform Methods & Signal Processing (APP MTH 4043): lecture 01 – p.50/61

Transform Methods & Signal Processing (APP MTH 4043): lecture 01 – p.50/61

Complex numbers

x = a+ ib, where i =
√
−1

◮ real part of x is ℜ(x) = a

◮ imaginary part of x is ℑ(x) = b

◮ omplex onjugate x∗ = a− ib

◮ Hermitian of a omplex matrix A = [ai j] is AH = [a∗
ji].

◮ identities

⊲ eix = cos(x)+ isin(x)

⊲ cos(x) = 1
2

(

eix + e−ix
)

⊲ sin(x) = 1
2i

(

eix − e−ix
)
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You should have gained a working knowledge of omplex numbers before starting this ourse� if not, please see me as soon as possible.
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Simple signals

◮ unit step:

u(t) =

{

0, t < 0
1, t ≥ 0

◮ retangular pulse:

r(t) = u(t +1/2)−u(t−1/2).

◮ sign (signum) funtion:

sgn(t) =

{

−1, t < 0
1, t > 0

1

t

1

t

t

1

−1
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Delta �funtion� δ(t)

de�nition

δ(−t) = δ(t)
Z t

−∞
δ(s)ds = u(t)

Z ∞

−∞
f (t)δ(t − t0)dt = f (t0)

onsequenes

δ(t) = 0 for t 6= 0
Z ∞

−∞
δ(t)dt = 1

t

tt0

limit spike

δ(t − t  )0
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The delta funtion(al) was introdued by Physiists well before it was aepted bymathematiians. Indeed it is often named the �Dira delta funtion� after its reator, thefamous physiist.Operating with deltas is atually pretty simple, one one absorbs the de�nition (though thetheory is a bit more omplex).
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Some useful funtions: sinThe sin funtion

sinc(x) =

{

1, if x = 0
sinπx

πx , otherwise,

Properties:

◮ symmetri

◮

R ∞
−∞ sinc(x)dx = 1

◮

R ∞
−∞ sinc(ax)dx = 1/|a|

◮ lim
a→0

1
a

sinc
(x

a

)

= δ(x)
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The sin funtion will be often used beause it is the Fourier transform of a retangular pulse.There are multiple de�nitions of the sin funtion: we use the normalized sin funtion, butthere's at least one other possibility:

◮ normalized sin:

sinc(x) =

{

1, if x = 0
sinπx

πx , otherwise,

◮ unnormalized sin

sinc(x) =

{

1, if x = 0
sinx

x , otherwise,Note that sin is an abbreviation of the full name �sine ardinal�.
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Signal harateristis

◮ even: x(−t) = x(t)

◮ odd: x(−t) = −x(t)

◮ any signal x(t) = xeven(t)+ xodd(t) where
xeven(t) =

1
2

[x(t)+ x(−t)] and xodd(t) =
1
2

[x(t)− x(−t)]

◮ Hermitian: x(−t) = x∗(t)

◮ periodi: x(t +nT ) = x(t) for any n = 1,2, . . ., andsome T > 0.
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Even signals

x(−t) = x(t)

t
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Odd signals

x(−t) = −x(t)

t
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Hermitian signals

x(−t) = x∗(t)
Real

Imaginary

t
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Real part is evenImaginary part is odd
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Periodi signals

x(t +nT ) = x(t) for any n = 1,2, . . .

t
T
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Frequeny terminology

The minimal value T = T0 > 0 for whih periodi signal

x(t +nT ) = x(t) for any n = 1,2, . . ., and some T > 0 isalled the fundamental period, and has units of seonds.

T = period measured in seonds

f = 1/T = frequeny measured in Hz

ω = 2π f measured in radians per seond
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The unit �Hz� or Hertz refers to yles per seond.
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Simple transformations

◮ time reversal y(t) = x(−t)

◮ time saling y(t) = x(at)

◮ time shift y(t) = x(t − t0)

◮ amplitude saling y(t) = Ax(t)

◮ amplitude shift y(t) = B+ x(t).
◮ for omplex signals x(t) = a(t)+ ib(t)

⊲ real part ℜ(x(t)) = a(t)

⊲ imaginary part ℑ(x(t)) = b(t)

⊲ onjugate x∗(t) = a(t)− ib(t)

⊲ magnitude |x(t)| =
√

a(t)2 +b(t)2

⊲ phase angle θ(t) = arctan(b(t)/a(t))

⊲ x(t) = |x(t)|eiθ(t)
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