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This leture overs some of the theory that we have negleted so far. In partiular: Fast FourierTransforms, some theory related to random proesses and the spetral representation, andthe Parseval, Rayleigh and Planheral theorems. We further onsider the theoretial basisfor the Fourier transform by onsidering how and why we ould generalize it.
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The Fast FourierTransform

... Its disrete version is omputed by the FastFourier Transform, whih is the most importantalgorithm of the last entury. Gilbert Strang, MIT

http://www.icase.edu/colloq-v3/data/colloq.Strang.G ilbert.2000.12.15.html
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http://www.icase.edu/colloq-v3/data/colloq.Strang.Gilbert.2000.12.15.html


Multipliation

How should we multiply large integers x and y?

http://en.wikipedia.org/wiki/Multiplication_algorit hmKaratsuba (1962): Divide and onquer! i.e. write

x = x1W
m+x2

y = y1W
m+y2And the produt beomes

xy= x1y1W
2m+(x1y2 +x2y1)W

m+x2y2For example 1011×205with W = 10 and m= 2

1011 = 10×102 +11
205 = 2×102 +5

}

⇒ x×y= 20×104+(50+22)102+55

The trik an be used reursively (e.g. for x1×y1)
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Assume that multipliations are the expensive omputation. Note that the new alulationtakes 4 multiplies, instead of 1. However, the new multipliation involves numbers with half asmany digits, and so is potentially muh simpler. For instane, if we redue the multipliationdown to a single digit times a single digit, we ould use a fast table lookup to perform themultipliation.
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Fast Fourier Transform

◮ DFT, as presented so far takes a matrixmultipliation

⊲ N2 omplex multiplies

◮ FFT is based on divide and onquer
⊲ muh faster O(N logN)

◮ Not quite as simple as Karatsuba
⊲ use symmetries of the transform
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Could do the DFT by the matrix multipliation X = Ax, whih is an N×N matrix times a N×1vetor.
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http://en.wikipedia.org/wiki/Multiplication_algorithm


The Fast Fourier TransformCould do the DFT by the matrix multipliation X = Ax.This takes O(N2) operations, whih ould get quite large.Cooley-Tukey (radix-2) algorithm is O(N log2N) for dataof length 2k later.

◮ FFT �rst use by Gauss

◮ being used in by physiists in X-ray sattering in1940

◮ various other users in proprietary settings

◮ Cooley-Tookey, 1965

◮ versions not dependent on data length 2k.
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The FFT seems to have been invented a few times, reputedly before Cooley and Tukey, forinstane see anedotal reports at

http://www.lns.cornell.edu/spr/2002-08/msg0043452.h tml
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Fast Fourier TransformFFT has many version, but here we do radix-2Take advantage of symmetry properties in the dataWrite the DFT and IDFT

X(k) =
N−1

∑
n=0

x(n)Wnk
N and x(n) =

1
N

N−1

∑
n=0

X(k)W−nk
N

0≤ k < N and WN = e−i2π/N.

Symmetries

Wk+N/2
N = −Wk

N

Wk+N
N = Wk

N

Transform Methods & Signal Processing (APP MTH 4043): lecture 07 – p.6/77

To see the �rst property note

Wk+N/2
N = e−i2π(k+N/2)/N

= e−i2πk/N−i2π/2

= e−i2πk/N−iπ

= e−i2πk/Ne−iπ

= −e−i2πk/N

= −Wk
N

I leave the seond one as an exerise.
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http://www.lns.cornell.edu/spr/2002-08/msg0043452.html


Radix-2For k < N/2

X(k) =
N−1

∑
n=0

x(n)Wnk
N

=
N/2−1

∑
n=0

x(2n)W2nk
N +

N/2−1

∑
n=0

x(2n+1)W(2n+1)k
N

=
N/2−1

∑
n=0

x(2n)Wnk
N/2+Wk

N

N/2−1

∑
n=0

x(2n+1)Wnk
N/2

= F(k)+Wk
N G(k)Where F(k) is the DFT of the sequene

{x(0),x(2), . . . ,x(2N−2)}, and G(k) is the DFT of thesequene {x(1),x(3), . . . ,x(2N−1)}.
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◮ Step 1: separate even and odd terms from the sum

◮ Step 2: fatorize Wk
N out of the seond sum

◮ Step 3: note that

W2nk
N = e−i2π2nk/N = e−i2πnk/(N/2) = Wnk

N/2and de�ne

F(k) =
N/2−1

∑
n=0

x(2n)Wnk
N/2

G(k) =
N/2−1

∑
n=0

x(2n+1)Wnk
N/2
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Radix-2For k >= N/2, exploit the periodiity of the DFT, i.e. weknow that F(k+N/2) = F(k) and G(k+N/2) = G(k), and
Wk+N/2

N =−Wk
N so that X(k+N/2) = F(k)−Wk

N G(k), andthe DFT an be omputed by

X(k) = F(k)+Wk
N G(k), k = 0,1, . . . ,N/2−1

X(k+N/2) = F(k)−Wk
N G(k), k = 0,1, . . . ,N/2−1where F(k) and G(k) are the DFTs given by

F(k) =
N/2−1

∑
n=0

x(2n)Wnk
N/2

G(k) =
N/2−1

∑
n=0

x(2n+1)Wnk
N/2
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If we used matrix multipliation to ompute F and G we would require

2×O((N/2)2) = O(N2/2)multipliations. Adding them together (with the extra fator) takes fewer operations, so wean ignore these for the moment.However, note that we an use the approah reursively: i.e., we apply the same idea to Fand to G.
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Radix-2Proedure: split the data in two (odd terms and eventerms) and FFT the two sequenes, then add (with anadditional fator for odd terms).

DFT
length 2

DFT
length 2

DFT
length 2

DFT
length 2

x(0)
x(2)
x(4)
x(6)

x(1)
x(3)
x(5)
x(7)

F(0)

F(1)

F(2)

F(3)

length 4
DFT

X(0)

X(1)
X(2)

X(3)

X(4)
X(5)
X(6)
X(7)

length 4
DFT

G(0)

G(1)

G(2)

G(3)

W

W

W

N

N

WN
3

2

1

0
N

Can repeat reursivelyDepends on the length of the series being even.

Transform Methods & Signal Processing (APP MTH 4043): lecture 07 – p.9/77

Transform Methods & Signal Processing (APP MTH 4043): lecture 07 – p.9/77

Radix-2 as fatorizationCan view the DFT as a matrix transform X = Ax, where(for a length 8 sequene)
A =





























1 1 1 1 1 1 1 1
1 W W2 W3 W4 W5 W6 W7

1 W2 W4 W6 W8 W10 W12 W14

1 W3 W6 W9 W12 W15 W18 W21

1 W4 W8 W12 W16 W20 W24 W28

1 W5 W10 W15 W20 W25 W30 W35

1 W6 W12 W18 W24 W30 W36 W42

1 W7 W14 W21 W28 W35 W42 W49
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Radix-2 as fatorizationWe an fatorize A

A =





























1 0 0 0 1 0 0 0

0 1 0 0 0 W 0 0

0 0 1 0 0 0 W2 0

0 0 0 1 0 0 0 W3

1 0 0 0 W4 0 0 0

0 1 0 0 0 W5 0 0

0 0 1 0 0 0 W6 0

0 0 0 1 0 0 0 W7





























×





























1 0 1 0 0 0 0 0

0 1 0 W2 0 0 0 0

1 0 W4 0 0 0 0 0

0 1 0 W6 0 0 0 0

0 0 0 0 1 0 1 0

0 0 0 0 0 1 0 W2

0 0 0 0 1 0 W4 0

0 0 0 0 0 1 0 W6





























×





























1 1 0 0 0 0 0 0

1 W4 0 0 0 0 0 0

0 0 1 1 0 0 0 0

0 0 1 W4 0 0 0 0

0 0 0 0 1 1 0 0

0 0 0 0 1 W4 0 0

0 0 0 0 0 0 1 1

0 0 0 0 0 0 1 W4





























×





























1 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0

0 0 1 0 0 0 0 0

0 0 0 0 0 0 1 0

0 1 0 0 0 0 0 0

0 0 0 0 0 1 0 0

0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 1
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Piture of fatorization
W4

W4

W4

W4

W4

W6

W2

W4

W6

W2

W7

W6

W5

W4

W3

W2

W1
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= x A
= x 1

A

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+
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+
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Radix-2 bit reversalNote the funny ordering of the inputs. Need toef�iently order the inputs. The proedure used forradix-2 is alled bit reversal.Normal order binary bits bits reversed new order0 000 000 01 001 100 42 010 010 23 011 110 64 100 001 15 101 101 56 110 011 37 111 111 7
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Other algorithms

Radix-2 takes O(N log2N) alulations, if the data lengthis a power of two.

◮ use reursive deimation by fators of two
◮ if the data isn't a power of two, we ould pad withzeros, but this is adding unwanted alulations.

◮ better alternatives exist
◮ radix-N, or some alternative (e.g. see �Transformsand Fast Algorithms for Signal Analysis andRepresentations�, Bi and Zeng, Birkhauser, 2004)
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You probably won't ever need to ode up the FFT � there is lots of good ode available, e.g.,

http://home.get2net.dk/jjn/fft.htm
http://momonga.t.u-tokyo.ac.jp/~ooura/fft.html
http://cpan.uwinnipeg.ca/htdocs/Math-FFT/Math/FFT.h tml
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http://home.get2net.dk/jjn/fft.htm
http://momonga.t.u-tokyo.ac.jp/~ooura/fft.html
http://cpan.uwinnipeg.ca/htdocs/Math-FFT/Math/FFT.html


Matlab ommands for FFTNote, indexes in Matlab run from 1 to N (not 0 to N−1).

fft(x(n)) = X(k) =
N

∑
n=1

x(n)e−i2π(k−1)(n−1)/N, k = 1, . . . ,N.

ifft (X(k)) = x(n) =
1
N

N

∑
k=1

X(k)ei2π(k−1)(n−1)/N, n = 1, . . . ,N.

X(1) is the DC term, X(n) is the fs term. To plotsymmetri power spetrum use, e.g.

f_s = 1000;
f_0 = 100;
x = 1:1/f_s:10;
y = sin(2 * pi * f_0 * x);
semilogy(-f_s/2+f_s/N:f_s/N:f_s/2, abs( fftshift (fft(y))).ˆ2);
set(gca, ’ylim’, 10.ˆ[-2 9]);
xlabel(’frequency (Hz)’);
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Matlab example

matlab_ex_1.m

−500 −300 −100 100 300 500
10

−2

10
0

10
2

10
4

10
6

10
8

frequency (Hz)
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% MATLAB_EX_1 shows a simple example of fft in practice
%
% file: matlab_ex_1.m, (c) Matthew Roughan, Sat Aug 7 2004
% directory: /home/mroughan/Classes/Transformations/2 004/Matlab/
%
%
f_s = 1000; % sampling frequency
f_0 = 100; % frequency of the signal
x = 1:1/f_s:10; % sample points
N = length(x);
y = sin(2 * pi * f_0 * x); % sampled signal
semilogy(-f_s/2+f_s/N:f_s/N:f_s/2, abs(fftshift(fft( y))).ˆ2, ’linewidth’, 3);

%%%% make the axes pretty and add labels
grid on
set(gca, ’ylim’, 10.ˆ[-2 9], ’ytick’, 10.ˆ[-2:2:9], ’xtic k’, [-500:200:500]);
set(gca, ’linewidth’, 3, ’fontsize’, 18);
xlabel(’frequency (Hz)’);

%%%% print out a copy
print(’-depsc’, ’Plots/matlab_ex_1.eps’);
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Symmetry

Disrete power spetrum is even and periodi so we andisplay in a number of ways.
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Matlab example 2

matlab_ex_2.m

0 200 400 600 800 1000
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10
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frequency (Hz)
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% MATLAB_EX_1 shows a simple example of fft in practice
%
% file: matlab_ex_1.m, (c) Matthew Roughan, Sat Aug 7 2004
% directory: /home/mroughan/Classes/Transformations/2 004/Matlab/
%
%
f_s = 1000; % sampling frequency
x = 1:1/f_s:10; % sample points
N = length(x);

%%%% sampled signal
f_0 = 100; % frequency 0 in the signal
f_1 = 200; % frequency 1 in the signal
y = sin(2 * pi * f_0 * x) + sin(2 * pi * f_1 * x);

%%%% FFT of data
z = fft(y);
freq = (0:N-1) * f_s/N;

%%%% plot the data
semilogy(freq, abs(z).ˆ2, ’linewidth’, 3);

%%%% make the axes pretty and add labels
grid on
set(gca, ’ylim’, 10.ˆ[-2 9], ’ytick’, 10.ˆ[-2:2:9], ’xtic k’, [0:200:1000]);
set(gca, ’linewidth’, 3, ’fontsize’, 18);
xlabel(’frequency (Hz)’);

%%%% print out a copy
print(’-depsc’, ’Plots/matlab_ex_2.eps’);
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Random ProessesWe've mentioned �noise� before, but in a fairly rudesense. No onsideration of noise an really be donearefully without some understanding of randomproesses, and how Fourier analysis works on randomsignals, in partiular we will de�ne the spetral densityof a signal.
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◮ �Probability and Random Proesses, with Appliations to Signal Proessing�, 3rd Ed.,Henry Stark and John W. Woods, Prentie-Hall, 2002.

◮ �Introdution to Time Series and Foreasting�, Peter J. Brokwell and Rihard A. Davis,Springer-Verlag, 1996.
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Random proesses

A disrete time random proess is just a random vetor
x = (X1,X2, . . . ,Xn).

◮ in general, the xi may have dependenies, so we needto desribe the random sequene, we speify the
N-th order distribution funtions, for all N≥ 1

Fx(xn,xn+1, . . . ,xn+N−1)= P{Xn≤ xn,Xn+1≤ xn+1, . . . ,Xn+N−1≤ xn+N−1}

◮ typially, we don't need to know all of this, e.g. forWhite noise, the values at eah time interval areindependent, so we only need to know the �rstorder distribution funtions Fx(xn).
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Densities and distributionsWhere the distribution funtion is ontinuous (e.g. forwell-behaved ontinuous random variables), we ande�ne a density funtion, e.g.

fX(x) =
dFX

dxwith the meaning that

fX(x)dx= P{X ∈ [x,x+dx)}We an de�ne fX(x)dx= dFX(x), where the latter term ismore general (applying to badly behaved randomvariables too). Integrals de�ned WRT to dFX(x) areLebesgue-Stieltjes integrals rather than just Lebesgueintegrals.
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Moments of the proess

Sometimes it is enough to speify the moments of theproess, e.g. the mean µX(n) and variane σ2
X(n) at time n.

µX(n) = E [X(n)]

=

Z ∞

−∞
x dFX(xn)

=

Z ∞

−∞
x fX(xn)dx, where this is de�ned

σ2
X(n) = Var [X(n)]

= E
[

(X(n)−µX(n))2
]

=

Z ∞

−∞
(x−µX(n))2dFX(xn)

Can extend de�nition to the n-th entral moment.
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CovarianeThe ovariane of two random variables X and Y ifde�ned by

Cov{X,Y}= E [(X−E [X])(Y−E [Y])]It tells us about seond-order orrelations between Xand Y.The auto-ovariane of a proess is

RXX(n;k) = Cov{X(n),X(n+k)}and this tells us about orrelations between the proessat different times n, and different lags k.
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Stationarity

◮ A proess is stritly stationary if all of itsdistribution funtions are invariant under timeshifts, e.g.

Fx(xn,xn+1, . . . ,xn+N−1) = Fx(xn+k,xn+k+1, . . . ,xn+k+N−1)

◮ a proess is alled wide-sense, or weakly, orseond-order stationary if its mean, variane andauto-ovariane are time-shift invariant, e.g.

µX(n) = µX

σ2
X(n) = σ2

X

RXX(n;k) = RXX(k)for all n.
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Marginal distribution

The marginal distribution of a stationary proess isde�ned by the distribution of Xn, e.g.

Fx(xn)whih will be idential for all values of n for a stationaryproess.Examples:

◮ Bernoulli proess: the marginal distribution takesvalues 0 or 1 with probabilities p and 1− p,respetively.

◮ random die rolls: the marginal distribution isuniform on {1,2,3,4,5,6}.
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Gaussian proesses

◮ are proesses with a Gaussian marginal distribution
fx(xn) =

1
√

2πσ2
X

exp

(

−
1
2

(

x−µX

σX

)2
)

◮ ompletely haraterized by mean, variane andauto-ovariane

◮ hene the value of seond-order stationarity!

◮ Gaussian proesses are the �linear-time invariant�proesses of the noise world
⊲ simple, tratable, sometimes reasonable

⊲ Central Limit Theorem: sums of well behavedrandom variables tend towards Gaussiandistributions
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Useful fatIf X and Y are independent Gaussian random variables,then their sum X +Y (and differene X−Y) will also beGaussian, with mean and varianes

µX+Y = µX +µY

µX−Y = µX−µY

σ2
X+Y = σ2

X +σ2
Y

σ2
X−Y = σ2

X +σ2
YWe ould easily generalize this to inlude orrelations,with the only effet being a modi�ation to σ2

X+Y and

σ2
X−Y.Also note that µαX = αµX, and σ2

αX = α2σ2
X.
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Spetral density

There is a diret relationship between the powerspetrum of stohasti proesses, and itsautoovariane funtion. Note, the power spetrum of asingle random proess is also a olletion of randomvariables, so we talk about the mean values of the powerspetrum, or rather, its spetral density.
fX(λ) =

∞

∑
h=−∞

e−i2πhλRXX(h)

Note then

RXX(k) =

Z 1

−1
ei2πkλ f (λ)dλ
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NB: above holds for a mean zero proess. If we have a proess with non-zero mean, then weneed to write:
WXX(h) = RXX(h)+µ2

X (1)and
fX(λ) =

∞

∑
h=−∞

e−i2πhλWXX(h)Note also that for a �nite sequene, we are fored to use an approximation: e.g.

PX(k)≃
1

2N+1

N

∑
n=−N

WXX(h)e−i2πkn/N (2)
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Spetral density properties

The spetral density has the properties

◮ f (λ) is non-negative

◮ f (λ) is even

◮ f (λ) is the Fourier transform of the autoovariane.

◮ the autoovariane is the inverse FT of f (λ)
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Why the relationship?

In real-life, only we usually only get one realization of aproess, so we an't measure diretly the ensemblebehavior, e.g. we an't diretly measure RXX(k).For stationary (ergodi) proesses we use the fat thata time average onverges to a ensemble average, forinstane

1
N

N−k−1

∑
n=0

[x(n)−µX][x(n+k)−µX]
N→∞
→ RXX(k)

↑ ↑time average ensemble average
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Wiener-Kinthine theoremFor simpliity, onsider the mean zero ase, e.g. µX = 0

RXX(k) = lim
N→∞

1
N

N−k−1

∑
n=0

x(n)x(n+k)

≃
1
N

N−1

∑
n=k

x(n−k)x(n)

≃
1
N

x(n)∗x(−n)

Take the FT, and we get

F {RXX(k)} =
1
N

X(k)X∗(k)

=
1
N
|X(k)|2
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Note the abuse of notation, i.e., what is really meant in the onvolution (line 4) is

x(n)∗x(−n) =
[

x∗
←
x
]

(n)where ←x (n) = x(−n), i.e. the arrow denotes time reversal (in the ylial sense). Note alsothat the onvolution is trunated for �nite N, so the result is an approximation that onvergesin the limit as N→ ∞.
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White noiseTypially, everyone assumes noise is �white�, or�unolored�.

◮ Gaussian (typially implied, though not neessary)
◮ its spetral density is �ati.e., the noise inludes all frequenies (up to fs)

f (λ) = σ2

◮ Unorrelated (same as independent for Gaussian)

⊲ follows from duality of the spetrum andauto-ovariane, i.e. �at spetrum implies deltafuntion (at zero) for auto-ovariane, and sothe autoovariane is zero at non-zero lags.
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Example: white noise

White Gaussian noise
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White noise is what we sometimes all �stati�.

%
% file: noise_sounds.m, (c) Matthew Roughan, Sun Aug 1 2004
%

%%% first look at some white noise
fs = 44100;
T = 5;
x = (1:fs * T)/fs;
y = randn(size(x));

figure(10)
plot(x,y, ’linewidth’, 3);
set(gca, ’xlim’, [0 0.01]);
set(gca, ’linewidth’, 3, ’fontsize’, 18);
xlabel(’time (seconds)’);
print(’-depsc’, ’Plots/noise_white.eps’);

z = fft(y);
w = abs(z).ˆ2;
w = fftshift(w);
q = (-length(w)/2+1:length(w)/2)/T;

figure(1)
semilogy(q/1000, w, ’linewidth’, 3);
set(gca, ’linewidth’, 3);
set(gca, ’fontsize’, 18);
set(gca, ’xlim’, [0 fs/2000]);
xlabel(’frequency (kHz)’);
print(’-depsc’, ’Plots/noise_white_fft.eps’);

wavwrite(y, fs, ’Plots/noise_white.wav’);
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Spetral density

The spetral density ats like the power spetrum, andso allows us to work out (statistially) what the outputof noise passed through a linear time-invariant �lter (orsystem) will look like.

◮ we an ompute the mean of the output fromstationary solution to the reurrene relationdesribed by the �lter
◮ we an ompute the auto-ovariane from theWiener-Khinthine theorem
◮ if the input is Gaussian, then the output is alsoGaussian
◮ hene it is ompletely haraterized by its mean,variane, and auto-ovariane.

Transform Methods & Signal Processing (APP MTH 4043): lecture 07 – p.34/77

Transform Methods & Signal Processing (APP MTH 4043): lecture 07 – p.34/77



Filtered noiseWrite the �lter in terms of its impulse response, e.g.

y(n) =
∞

∑
i=−∞

w(i)x(n− i)

Expetation is linear operator so for a stationaryproess x(n)

E [y(n)] = E

[

∞

∑
i=−∞

w(i)x(n− i)

]

=
∞

∑
i=−∞

w(i)E [x(n− i)]

= µX

∞

∑
i=−∞

w(i)
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Filtered noiseThen note that if x(n) is white Gaussian noise, the RHSabove is the sum of indep. Gaussian random variables, soits variane will add
Var [y(n)] = Var[ ∞

∑
i=−∞

w(i)x(n− i)

]

=
∞

∑
i=−∞

w(i)2Var [x(n− i)]

= σ2
X

∞

∑
i=−∞

w(i)2
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Examples

Input proess x(n), with mean µ and variane σ2

◮ MA �lter: y(n) = 1
N ∑N−1

i=0 x(n− i), the output will havemean µ, and variane σ2

N .As we expet, the MA is an unbiased estimator ofthe mean µX, and the variane is redue by a fatorof N for a �lter of length N.

◮ Differene: y(n) = x(n)−x(n−1), the output willhave mean 0, and variane 2σ2.As we expet, the diff has mean zero, but largervariane (it emphasizes hanges)
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Example 1: �ltered white noise

White noise, �ltered with retangular MA, length 11
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See noise sounds.m again.
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Example 2: �ltered white noise

White noise, �ltered with retangular MA, length 111
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See noise sounds.m again.
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Example 3: �ltered white noise

White noise, �ltered with a differene
0 0.002 0.004 0.006 0.008 0.01

−5

0

5

time (seconds) 0 5 10 15 20
10

0

10
2

10
4

10
6

10
8

10
10

frequency (kHz)

Transform Methods & Signal Processing (APP MTH 4043): lecture 07 – p.40/77

See noise sounds.m again.
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Color of noise

◮ white: �at spetral density see above.

◮ brown: spetral density proportional to 1/ f 2(derease by 6dB per otave). Named afterBrownian motion to whih it is related.

◮ pink: spetral density proportional to 1/ f(dereases by 3dB per otave). This is non-trivial,but we will see more later.

◮ blue: spetral density proportional to f (inreasesby 3dB per otave). This is meant to be good forsome types of dithering.

◮ plus some more...
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See

http://groups.google.com/group/comp.dsp/msg/3ae211b 7cb0f2a76?q=
colors+of+noise&hl=en&lr=&ie=UTF-8&safe=off&rnum=2
http://en.wikipedia.org/wiki/Purple_noise
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Parseval, Rayleigh and

PlanheralThere are a key set of theorems in transform theorynamed after various important �gures in this area(Parseval, Rayleigh and Planheral) and we would beremiss if we did not onsider these along with ageneralization of the Fourier transform.
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Parseval's theorem

◮ p(x) is a real periodi funtion with period T.

◮ Fourier series ai, and bi (see Leture 2)Parseval:

1
T

Z T/2

−T/2
p(x)2dx= a2

0 +
1
2

∞

∑
n=1

(a2
n +b2

n)
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Rayleigh's theorem

◮ ontinuous funtion f (x) with

◮ Fourier transform F(s)Rayleigh:

Z ∞

−∞
| f (x)|2dx=

Z ∞

−∞
|F(s)|2ds

Power is onserved by the transform!
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Rayleigh's theorem proof

Z ∞

−∞
| f (x)|2dx =

Z ∞

−∞
f (x) f ∗(x)dx

=

Z ∞

−∞
f (x) f ∗(x)e−i2πxs′ dx for s′ = 0

= Fs′{ f (x) f ∗(x)} for s′ = 0

= F(s′)∗F∗(−s′) for s′ = 0

=
Z ∞

−∞
F(s)F∗(s−s′)ds for s′ = 0

=

Z ∞

−∞
F(s)F∗(s)ds

=

Z ∞

−∞
|F(s)|2ds
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Note the abuse of notation, i.e., what is really meant in the onvolution (line 4) is

F(s′)∗F∗(−s′) =
[

F∗
←
F
∗]

(s′)where ←F (s) = F(−s), i.e. the arrow denotes time reversal.
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Parseval-Rayleigh theorem

◮ disrete time funtion x(n) with

◮ Disrete Fourier transform X(k)

N
N−1

∑
n=0

|x(n)|2 =
N−1

∑
k=0

|X(k)|2
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Parseval-Rayleigh theorem proof

N−1

∑
n=0

|x(n)|2 =
N−1

∑
n=0

x(n)x∗(n)

=
N−1

∑
n=0

x(n)x∗(n)e−i2πnk′/N for k′ = 0

= Fk′{x(n)x∗(n)} for k′ = 0

= X(k′)∗X∗(−k′)/N for k′ = 0

= (1/N)
N−1

∑
k=0

X(k)X∗(k−k′) for k′ = 0

= (1/N)
N−1

∑
k=0

X(k)X∗(k) = (1/N)
N−1

∑
k=0

|X(k)|2
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The DFT of the omplex onjugate an be obtained as follows

DFT(x∗;k) =
N−1

∑
n=0

x∗(n)e−i2πnk/N

=

[

N−1

∑
n=0

x(n)ei2πnk/N

]∗

= [IDFT (x;k)]∗Remember the DFT duality result (from Leture 3) DFT(X;k) = Nx(N− k mod N) or equiva-lently

DFT(X;N−k mod N) = Nx(k)Take inverse DFTs in the above and we get

X(N−k mod N) = N× IDFT (x;k)So the DFT of the omplex onjugate of x is

DFT(x∗;k) = X(−k)∗/Nwhere the time reversal is taken in the yli sense (as is the onvolution in the proof).
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Planherel

◮ ontinuous funtions f (x) and h(x) with
◮ Fourier transforms F(s) and H(s)

Z ∞

−∞
f (x)h∗(x)dx=

Z ∞

−∞
F(s)H∗(s)ds

◮ real valued f (x) and h(x) then
Z ∞

−∞
f (x)h(−x)dx=

Z ∞

−∞
F(s)H(s)ds

◮ similar results for disrete time
N

N−1

∑
n=0

x(n)y∗(n) =
N−1

∑
k=0

X(k)Y∗(k)
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See also:
http://mathworld.wolfram.com/PlancherelsTheorem.htm l
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Parseval-Rayleigh-Planherel

◮ terminology interhanged in different literature

◮ e.g. Parseval sometimes used for all three versions

◮ we are following Braewell's nomenlature

◮ important detail:power is onserved by the transforms

◮ extends to 2D

Z ∞

−∞

Z ∞

−∞
| f (x,y)|2dxdy=

Z ∞

−∞

Z ∞

−∞
|F(u,v)|2dudv

◮ this is a ommon feature of many transforms
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http://www-gap.dcs.st-and.ac.uk/~history/Mathematic ians/Parseval.html
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Generalized FourierTransformsIn this setion we onsider a more general approah tothe notion of an integral transform developed from thebasis of linear algebra (whih we will start byreviewing). The approah allows us to de�ne transformsin terms of a hange of basis for representing our signal,and in doing this we an see that there are atually manyFourier-like transforms that we ould use, depending onwhat we wish to aomplish.
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Linear �lter haraterizationThe FT transforms naturally between two views of a�lter

◮ in time domain by impulse response

◮ in freq. domain via transfer funtione.g. ARMA �lter haraterization

◮ ARMA oef�ients

◮ poles and zeros in the omplex planeThe FT (and z-transform) transforms naturally betweenthese two views.
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Revue of linear algebra

◮ vetor spae

◮ norms and distanes

◮ inner produts

◮ basis

◮ eigenvalues, and eigenvetors
◮ diagonalization
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Vetor spaes and funtion spaes

A Vetor Spae S is a non-empty olletion of objets(vetors) X,Y, . . ., along with two operators (addition, andsalar multipliation) that is

◮ losed under addition, e.g.For all X,Y ∈ Swe have X +Y ∈ S

◮ losed under salar multipliation, e.g.For all X ∈ S, and k∈ R we have kX ∈ S
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Vetor spaes and funtion spaes

The operators have to satisfy various properties

ommutivity of addition X +Y = Y+Xassoiativity of addition X +(Y+Z) = (Y+X)+Zadditive identity ∃0 suh that X +0 = Xadditive inverse ∀X,∃−X suh that X +(−X) = 0distributivity α(X +Y) = αX +αYdistributivity (α+β)X = αX +βXassoiativity of salar mult. (αβ)X = α(βX)multipliative identity ∃1 suh that 1.X = X
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Examples

◮ example 1: the set of vetors x ∈ R
n, with thestandard vetor addition and salar multipliation.

◮ example 2: the set of all ontinuous funtions onthe interval [x0,x1], denoted

C[x0,x1] = { f : [x0,x1]→ R | f is continuous},with addition and salar multipliation de�ned by

( f +g)(x) = f (x)+g(x), (α f )(x) = α f (x)for any α ∈ R, and f ,g∈C[x0,x1].

◮ example 3: The set of square integrable funtions

L2 is the set of funtions f : R→ R for whih

R ∞
−∞ f (x)2dx exists and is �nite, with the samede�nition of sum and salar produt as for C.
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Normed spaes

More struture is needed, in partiular a way ofmeasuring distanes. A norm on a vetor spae S is areal-valued funtion(al) whose value at x∈ S is denoted
||x||, and has the properties

||x|| ≥ 0 (3)

||x||= 0 iff x = 0 (4)

||αx||= |α|||x|| (5)

||x+y|| ≤ ||x||+ ||y|| (the triangle inequality) (6)A vetor spae equipped with a norm is alled anormed vetor spae.
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Examples

◮ example 1: the vetor spae R
n an be equippedwith the Eulidean norm de�ned by ||x||2 =

√

∑n
i=1x2

i .Alternatively we ould use the norm de�ned by

||x||1 = ∑n
i=1 |xi|

◮ example 2: the vetor spae C[x0,x1] an beequipped with norms

|| f ||∞ = supx∈[x0,x1]
| f (x)|

|| f ||1 =
R x1

x0
| f (x)|dx

|| f ||2 =
√

R x1
x0

f (x)2dx

◮ example 3: L2 an be equipped with norm

|| f ||2 =
√

R ∞
−∞ f (x)2dx
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Examples (ont.)

◮ example 4: De�ne Cn[x0,x1] to be the set offuntions that have at least n ontinuous derivativeson [x0,x1]. Note

Cn[x0,x1]⊂Cn−1[x0,x1]⊂ ·· · ⊂C1[x0,x1]⊂C[x0,x1]

Cn[x0,x1] is a vetor spae, and || f ||∞, || f ||1, and || f ||2are all possible norms on this spae. Other norms

|| f ||∞, j =
j

∑
k=0

sup
x∈[x0,x1]

| f (k)(x)|

for j ≤ n on Cn[x0,x1].
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Norms

◮ denote a normed vetor spae (S, || · ||).

◮ Two norms || · ||a and || · ||b are said to be equivalent ifthere exists positive numbers α and β suh that forall x∈ S
α||x||a≤ ||x||b≤ β||x||a

◮ In �nite dimensional spaes all norms are equivalent,but not in in�nite dimensional spaes.

◮ Norms de�ne distanes between elements of spae

d( f ,g) = || f −g||

Transform Methods & Signal Processing (APP MTH 4043): lecture 07 – p.59/77

Transform Methods & Signal Processing (APP MTH 4043): lecture 07 – p.59/77

Inner produts

An inner produt is a funtion 〈·, ·〉 : S×S→ R, i.e. itmaps two elements from a vetor spae Sto a realnumber, suh that for any f ,g,h∈ Sand α ∈ R.
〈 f , f 〉 ≥ 0 (7)

〈 f , f 〉= 0 iff f = 0 (8)

〈 f ,h+g〉= 〈 f ,h〉+ 〈 f ,g〉 (9)

〈 f ,g〉= 〈g, f 〉 (10)

〈α f ,g〉= α〈 f ,g〉 (11)A vetor spae with an inner produt is alled an innerprodut spae.We an use√〈 f , f 〉 as a norm.
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Examples

◮ example 1: for the set of vetors x ∈ R
n, with thestandard vetor addition and salar multipliation,we an de�ne the inner produt

〈x,y〉=
n

∑
i=1

xi yi

◮ example 2: for the set of square integrablefuntions L2 is the set of funtions f : R→ R forwhih R ∞
−∞ f (x)2dx exists and is �nite, we an de�nethe inner produt

〈 f ,g〉=
Z ∞

−∞
f (x)g(x)dx
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Orthogonality

◮ Orthogonal: two elements of a vetor spae Sareorthogonal if f 6= g implies 〈 f ,g〉= 0.
◮ this is a generalization of the idea of perpendiularvetors

◮ the key is that f , when projeted onto g is zero (andvisa versa).

◮ inner produt ats like a projetion operation

◮ a set of elements of a vetor spae are orthogonaliff eah pair is orthogonal.
◮ a set of elements { fi} of a vetor spae areorthonormal if < fi, f j >= δi j the Kroneker delta.
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BasisA basis for a vetor spae S is a set of elements fi ∈ Ssuh that

◮ the elements { fi} span S, i.e., any element of Sanbe written as a linear ombination of the fi .

◮ the elements { fi} are linearly independent, i.e. weannot write any element fi as a linear ombinationof the other elements of the basis.A basis is useful beause

◮ it provides a way of representing elements of S

⊲ uniquely

⊲ ef�iently (no redundany)

⊲ onstrutively (Gram-Shmidt)
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More generally (than span) we want a basis to be �omplete� in the sense that for everypieewise ontinuous funtion f (x), the minimum square error

En =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

f −

(

n

∑
i=0

aiφi

)∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

,goes to zero as n→ ∞.For de�nitions based on the L2 norm see

http://mathworld.wolfram.com/OrthogonalFunctions.ht ml
http://mathworld.wolfram.com/CompleteOrthogonalSyst em.html
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Generalized Fourier transformTake a omplete orthonormal system of funtions
{φi(x)}, suh that they form a basis for L2. e.g.

〈φi,φ j〉= δi jfor some inner produt 〈·, ·〉.A funtion f (x) may be represented as
f (x) =

∞

∑
i=0

aiφi(x)

Then we an de�ne the Generalized Fourier Transformby

ai = 〈 f ,φi〉
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Note that now the transform has been generalized with respet to

◮ the underlying spae on whih we operate

◮ the set of basis funtions

◮ the de�nition of inner produt
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Generalized Fourier transform

f (x) =
∞

∑
i=0

aiφi(x)

〈 f ,φ j〉 =

〈

∞

∑
i=0

aiφi,φ j

〉

=
∞

∑
i=0

ai 〈φi,φ j〉

=
∞

∑
i=0

aiδi j

= a j
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Generalized Fourier transform
ai = 〈 f ,φi〉

f (x) =
∞

∑
i=0

aiφi(x) =
∞

∑
i=0

〈 f ,φi〉φi(x)

NB: where i is replaed by a ontinuous index term s,we might write

f (x) =

Z

a(s)φ(x;s)ds

=

Z

〈 f ,φ(x;s)〉φ(x;s)ds

a(s) = 〈 f ,φ(x;s)〉
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Generalization of P-R

〈 f , f 〉 =

〈

∞

∑
i=0

aiφi(x),
∞

∑
j=0

a jφ j(x)

〉

=
∞

∑
i=0

ai

〈

φi(x),
∞

∑
j=0

a jφ j(x)

〉

=
∞

∑
i=0

∞

∑
j=0

aia j 〈φi(x),φ j(x)〉

=
∞

∑
i=0

∞

∑
j=0

aia jδi j

=
∞

∑
i=0

a2
i
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Alternate transforms

◮ Mostly use L2 norm to de�ne inner produt
< f ,g >=

Z ∞

−∞
f (x)g∗(x)dx

◮ alternate basis funtions are then equivalent toalternative kernels in integrals
◮ Also 〈 f , f 〉 then orresponds to energy in the signal f
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Examples of integral transforms

Name kernel g(·) transform of f (t)Identity δ(s− t) F(s) =

Z ∞

−∞
f (t)δ(s− t)dt

Fourier e−ist F(s) =
Z ∞

−∞
f (t)e−ist dt

Laplae e−st, for t ≥ 0 F(s) =

Z ∞

0
f (t)e−st dt

Hilbert 1
π(s−t) F(s) =

Z ∞

−∞
f (t)

1
π(s− t)

dt

Mellin tz−1 F(z) =

Z ∞

0
f (t) tz−1dt

Fourier Cosine cos(st) F(s) =

Z ∞

−∞
f (t) cos(st)dt
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Examples of integral transforms

Name basis funtionsIdentity Delta funtions δ(s− t)

Fourier Complex exponentials e−ist = cos(st)+ i sin(st)

Laplae Real exponentials e−st

Hilbert Hyperbola 1
π(s−t)Mellin Power funtions tz−1

Fourier Cosine Cosines cos(st)
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TransformsSimple transforms are hanges of basis

◮ in R
n we an write these x = Ay

◮ in more omplex spaes, the transform an berepresented by an operator, e.g. F ( f ) = g.Why would one hange basis?Diagonalization!
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Eigenvalues and Eigenvetors

Take a square n×n matrix A, then a non-zero vetor in
x ∈ R

n is alled an eigenvetor if it satis�es
Ax = λxfor some salar λ, whih is alled an eigenvalue of A.

x is said to be the eigenvetor orresponding to λ.Similarly for any vetor spae Sand operator A : S→ S,we an de�ne eigenvalues and eigenvetors, suh thatthey satisfy

A f = λ fwhere f ∈ S is non-zero, and λ ∈ R.

Transform Methods & Signal Processing (APP MTH 4043): lecture 07 – p.72/77

Transform Methods & Signal Processing (APP MTH 4043): lecture 07 – p.72/77



Diagonalization

De�nition: A matrix is diagonalizable if there exists aninvertible matrix P suh that

P−1AP= Dwhere D is a diagonal matrix, e.g.

D =















d1 0

d2 . . .0 dn















We say that P diagonalizes A.Notation: D = diag(d1,d2, . . . ,dn).
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Diagonalization

Given an n×n matrix A with n linearly independenteigenvetors {v1, . . . ,vn}, then A will be diagonalizable,and P has as olumns the eigenvetors. The diagonalmatrix D will then have the orresponding eigenvaluesalong its diagonal. That is

P−1AP= Dwhere Avk = λkvk and
P =







... ... ...
v1 v2 · · · vn... ... ...







and D =















λ1 0

λ2 . . .0 λn
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Diagonalization

Diagonalization is useful for studying dynamial systems

◮ it deouples the elements

◮ makes it possible to study a bunh of independentsimple (1D) systems, rather than one omplex,high-dimensional system.

◮ long term behavior of system omes down to a singledominant eigenvalue/eigenvetor.In a ontinuous state spae, the same is true, thoughnow the basis set is unountably in�nite.
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Dynami systems: e.g. write the state of the system at time k as xk, and assume the systemis governed by equations

xk+1 = AxkWe an use indution to show that

xk = Akx0where x0 is the initial state. Now

Ak =
(

PDP−1)k = PDkP−1and we an easily show that

Dk = diag(λk
1,λ

k
2, . . . ,λ

k
n)so we now have a simple method for omputing the state at time k. Also, the eigenvalues tellus something about the long-term stability of the system as for |λi | < 1 the term λk

i will go tozero, and if |λi |> 1 the term λk
i will go to in�nity.
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FT as diagonalization

Consider a linear-time invariant system (or �lter) as anoperator on the vetor x

◮ Impulse response de�nes a linear operator
A f = a∗ f , where a is the impulse response.

◮ Complex exponentials are eigenvetors of A , e.g.

Aei2πst = A(s)ei2πst,

⊲ A(s) is the transfer funtion.
◮ The Fourier transform is a diagonalizationoperation.
◮ The diagonalization is performed using an innerprodut with the eigenvetors (whih form anorthonormal basis)
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What if?What happens if we aren't interested in linear,time-invariant systems?

◮ many real systems are non-linear

◮ many real systems have transients (i.e. they are nottime-invariant)

◮ Is the Fourier transform still the right approah?
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