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2D WaveletsGeneralizing Wavelets to 2D is not quite as simple asgeneralizing the Fourier transform to higher dimensions.
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2DSimple extension (for separable wavelet bases)
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Separable wavelet basesTake any orthonormal wavelet basis {ψn, j}n, j∈Z of L2(R),then a separable wavelet basis for L2(R2) is
{ψn1, j1ψn2, j2}n1,n2, j1, j2∈Zbut basis above mixes resolutions at differentsales j1 and j2separable MRAs lead to onstrutions that areproduts of funtions dilated to the same salean onstrut non-separable bases, but used lessoftenbuild approximation spaes V 2

j = Vj ⊗Vj suh thatthese are separable, i.e., basis looks like

φ2
n1,n2, j(x1,x2) = φn1, j(x1)φn2, j(x2)
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2D saling funtions

Saling funtions

φ2
n1,n2, j(x1,x2) = φn1, j(x1)φn2, j(x2) =

1
2j

φ
(x1

2j
−n1

)

φ
(x2

2j
−n2

)

Approximation f̂ j = ∑n1,n2, j

〈

f ,φ2
n1,n2, j

〉

φ2
n1,n2, j where

〈

f ,φ2
n1,n2, j

〉

=
Z ∞

−∞

Z ∞

−∞
f (x1,x2)φ2

n1,n2, j(x1,x2)dx1dx2

whih separates into two integrals if f separates.
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2D WaveletsWe get 3 mother wavelets

ψ1(x1,x2) = φ(x1)ψ(x2)

ψ2(x1,x2) = ψ(x1)φ(x2)

ψ3(x1,x2) = ψ(x1)ψ(x2)from whih we derive the wavelets by dilation and 2Dtranslations.
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2D Wavelet �lter spetrum
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2D MRA tree
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2D Wavelet Filters

a j(n1,n2) = 〈 f ,φn1,n2, j〉 and dk
j(n1,n2) =

〈

f ,ψk
n1,n2, j

〉

one step of the deomposition takes the form
a j+1(n1,n2) =

[

a j ∗ h̄h̄
]

(2n1,2n2)

d1
j+1(n1,n2) =

[

a j ∗ h̄ḡ
]

(2n1,2n2)

d2
j+1(n1,n2) =

[

a j ∗ ḡh̄
]

(2n1,2n2)

d3
j+1(n1,n2) = [a j ∗ ḡḡ] (2n1,2n2)Notation h̄(n) = h(−n)Produt hg means [hg] (n1,n2) = h(n1)g(n2)2D onvolution an be performed as two 1Donvolutions (downsample between doing rows andolumns)
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2D Wavelet Blok Diagram
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2D Wavelet ReonstrutionRepresentation {aJ,{d1
j ,d

2
j ,d

3
j}L< j≤ j}de�ne upsampled 2D image y̆(n1,n2) made byinserting rows and olumns of zeros in betweenexisting rows and olumnsReonstrution

a j = ă j+1∗hh+ d̆1
j+1∗hg+ d̆2

j+1∗gh+ d̆3
j+1∗gg
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2D Wavelet Blok Diagram
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2D Layout
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2D Layout
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2D Layout
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2DSimple extension (for separable wavelet bases)
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2DSimple extension (for separable wavelet bases)
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Appliations
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Compression: FBI �ngerprints

FBI have ∼ 30 million �ngerprintsatually more like 200 million (repeats et)30-50,000 more per day1993 started onverting from ink on ards(transmitted by fax) to digital storage500 pixels per inh resolution. 256 grey levels (8bits)one �ngerprint, 700,000 pixels, and 6 MBstorage200 TB for whole databasehave to transmit ards (3 hours on slow modem)ompression is needed
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Compression: FBI �ngerprints

Basi idea, quantize in the transform spae.use Wavelet transform (in 2D)stepswavelet transformquantize oef�ientsentropy enodingalled WSQ (Wavelet Salar Quantization)
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Compression: FBI �ngerprints
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Compression: FBI �ngerprints

Original, �le size589,824 bytes. JPEG, �le size 45853 bytes,ompression ratio 12.9.

http://www.c3.lanl.gov/~brislawn/FBI/FBI.html
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Compression: FBI �ngerprints

Original, �le size589,824 bytes. Wavelets,ompression ratio 12.9.

http://www.c3.lanl.gov/~brislawn/FBI/FBI.html
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Compression

CompressionSimplest version � just perform algorithm abovemore general: quantize wavelet oef�ients by a�xed step

d̂( j,k) = Qsign(d( j,k))

⌊

|d( j,k)|
Q

⌋

more general: use a quantization tableInverse Wavelet Transform of {d̂( j,k)} j,k
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Quantization

We start with some ontinuous distribution
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Quantization

Then quantize the distribution into a number of levels
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JPEG 2000JPEG 2000 uses wavelets rather than the DCT
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